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OBJECTIVES: 

• To make the student acquire sound knowledge of Laplace Transform techniques in solving ordinary 

differential equations.  

• To acquaint the student with Fourier transform techniques used in wide variety of situations. 

• To introduce the effective mathematical tools for the solutions of partial differential equations that model 

several physical processes and to develop Z transform techniques for discrete time systems. 

• To introduce the basic concepts of random variables. 

• To understand the basic concepts of random processes which are widely used in IT and electronics fields. 
 

UNIT I  LAPLACE TRANSFORMS                9 + 3 
Existence conditions – Transforms of elementary functions – Basic properties – Change of Scale property and First 

Shifting theorem – Inverse transforms – Partial fraction method – Convolution theorem based on Inverse Laplace 

transform –– Solution of linear second order ordinary differential equations with constant coefficients.  
 

UNIT II  FOURIER TRANSFORMS                            9 + 3 
Fourier transform pair – Fourier sine and cosine transforms pair – Properties of Fourier Transform – Transforms of 

simple functions – Convolution theorem based on Inverse Fourier transform – Parseval’s identity of Fourier 

transform. 
 

UNIT III             Z - TRANSFORMS AND DIFFERENCE EQUATIONS             9 + 3 
Z-transforms - Elementary properties of Z-transforms – Formation of difference equation – Inverse Z-transform 

using partial fraction – Convolution theorem based on Inverse Z-transform – Solution of difference equations using 

Z - transform. 
 

UNIT IV             RANDOM VARIABLES                        9 + 3 
Concepts of Probability – The axioms of probability – Random Variables – Discrete and Continuous random 

variables, Probability mass function and Probability density function – Cumulative Distribution Function - Moments 

– Moment generating functions – Binomial, Poisson, Uniform and Exponential distributions.  
 

UNIT V             RANDOM PROCESSES                             9 + 3 
Classification of Random processes – Stationary process – Average values of Random processes (Mean and 

Autocorrelation) - Wide sense stationary process – Markov process - Markov chain, Formation of transition 

probability matrix, Classification of states of a Markov chain, Long run – limiting case, Markov diagram. 

 

                                      TOTAL: 60 PERIODS 
 

OUTCOMES :  
 

Upon successful completion of the course, students should be able to: 

CO1:  Solve Laplace transform and inverse transform of simple functions, properties, various related theorems and 

application to differential equations with constant coefficients. 

CO2: Understand the mathematical principles on Fourier transforms and partial differential equations would 

provide them the ability to formulate and solve some of the physical problems of engineering. 

CO3: Use the effective mathematical tools for the solutions of partial differential equations by using Z transform 

techniques for discrete time systems. 

CO4: Understand the fundamental knowledge of the concepts of probability and have knowledge of standard 

distributions which can describe real life phenomenon. 

CO5:  Understand the concept of random processes in engineering disciplines. 
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        CO’s-PO’s & PSO’s MAPPING 

CO PO1 PO2 PO3 PO4 PO5 PO6 PO7 PO8 PO9 PO10 PO11 PO12 PSO1 PSO2 PSO3 

CO1 3 3 - - - - - - - - - - - - - 

CO2 3 3 - - - - - - - - - - - - - 

CO3 3 3 - - - - - - - - - - - - - 

CO4 3 3 - - - - - - - - - - - - - 

CO5 3 3 - - - - - - - - - - - - - 

AVG 3 3 - - - - - - - - - - - - - 

         1 - low, 2 - medium, 3 - high, ‘-' - no correlation 
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MA 242303   Transforms & Random Processes  

UNIT – I   Laplace Transform 

Definition 

If f(t) is a function of t defined for all t≥0, then  ∫
∞

−

0

)( dttfe
ts

 is defined as the 

Laplace transform of f(t), provided the integral exists and it is denoted by  

L[f(t)] (or) F(s).  ∫
∞

− ==
0

)()()]([.).( sFdttfetfLei
ts

 

Sufficient Condition for the existence of Laplace Transform 

If the function f(t) defined for t≥0 is 

   i) piecewise continuous in every finite interval in the range t≥0 

and ii) of the exponential order, then L[f(t)] exists. 

 

Note:  

1) Laplace Transforms of all functions do not exist. For example, ][tan tL  and  

][
2t

eL  do not exist. 

2) A function f(t) is said to be piecewise continuous in the finite interval  

a ≤ t ≤ b, if the interval can be divided into a finite number of sub-intervals 

such that 

i) f(t) is continuous at every point inside each of the sub-intervals and  

ii) f(t) has finite limits as t approaches the end points of each sub-interval 

from the interior of the sub-interval. 

3) A function f(t) is said to be of the exponential order if  
∞→t

lim finitetfe
ts =− )}({  

Example:  The function t
2
 is of the exponential order. 

         For,  
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(Using L-Hospitals’ Rule) 

(Again, using L-Hospitals’ Rule) 



      KINGS ENGINEERING COLLEGE                          Transforms & Random Processes                           Dr. M. Muralidharan                  2 

 

Linearity Property 
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Home Work 
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Laplace Transform of Derivatives 
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Laplace Transform of some special functions 

Unit step function 
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Unit impulse function or Dirace Delta function 
 

        

=− )()()( atortfunctionThe a δδ )(
0
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h →

lim
 

       






+≤≤

=

otherwise

hatawhen
htfbydefinedistfwhere

0

1

)()(

 

        

is called Unit impulse function or Dirace Delta function. 
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h
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Properties of Laplace Transform 

1.  Change of Scale property 

     If L[f(t)] = F(s), Prove that 







=

a

s
F

a
tafLi

1
)]([)(    )()( saFa

a

t
fLii =
















 

     Proof.  We have ∫
∞

− ==
0

)()()]([ sFdttfetfL ts

 

                  ∫
∞

−=
0

)()]([)( dttafetafLi
ts

                   put at = u⇒adt = du   

                                            








===

=

∫∫

∫
∞

−
∞

−

∞
−

a

s
F

a
dttfe

a
duufe

a

a

du
ufe

t
a

s
u

a

s

a

u
s

1
)(

1
)(

1

)(

00

0

 

 

(by L-Hospitals’ Rule) 
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               ∫
∞

−








=

















0

)( dt
a
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a

t
fLii ts

              

                                            
)()()(

)(

0

)(

0

0

saaFdttfeaduufea

duaufe

tsauas
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===

=

∫∫

∫
∞

−
∞

−

∞
−

         

 

2.  First Shifting property 

     If L[f(t)] = F(s), Prove that )()]([)( asFtfeLi
ta +=−

  )()]([)( asFtfeLii
ta −=  

     Proof.  We have ∫
∞

− ==
0

)()()]([ sFdttfetfL ts

 

                )()()()]([)(
0

)(

0

asFdttfedttfeetfeLi
tastatsta +=== ∫∫

∞
+−

∞
−−−

 

                )()()()]([)(
0

)(

0

asFdttfedttfeetfeLii
tastatsta −=== ∫∫

∞
−−

∞
−

           

 

3.  Second Shifting property 

     If L[f(t)] = F(s), Prove that )()]()([ sFetuatfL
sa

a

−=−   where ‘a’ is a     

     positive constant and ua(t) is the unit step function. 

     Proof.  We have ∫
∞

− ==
0

)()()]([ sFdttfetfL
ts

 

               

)()()(

)(

)(0

1.)(0.)(

)()()]()([
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a
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a
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a
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a
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∞

−−
∞
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∞
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∞
−

∞
−−

∞
−

===

=

−+=

−+−=

−=−

∫∫

∫

∫

∫∫

∫

     

 

 

put  t/a = u 

   ⇒  t = au 

⇒dt = a du   

Put   t – a = x 

           dt = dx 

When t = a,  x = 0 

          t = ∞,  x = ∞ 
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Problems 

1. )2cos( teLFind t−
 

    

52

1

4)1(

1
)2cos(

4
)2(cos.

22

2

++

+
=

++

+
=∴

+
=

−

ss

s

s

s
teL

s

s
tLSol

t  

       
)3sinh(.2 2

teLFind
t

 

    

54

2
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2
)3sinh(

9
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2

2
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−
=

−−

−
=∴

−
=

ss

s

s

s
teL

s
tLSol
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      .

)(),(.sin.3

function

stepunittheistuwheretutoftransformLaplacetheFind ππ

 

     

1

)(sin

)]().[sin(

)]().[sin()](.[sin.

2 +
−=

−=

−−=

+−=

−

−

s

e

tLe

tutL

tutLtutLSol

s

s

π

π

π

ππ

π

ππ

 

Home Work 

)sin(.1 3
teLFind

t

    

)3cosh(.2 2
teLFind

t−

    

)cos3(sinh.3 2
ttLFind

 

)2cos3sin(.4 4
tteLFind

t−

 

Theorem:   Prove that  )]([
1

)(
0

tfL
s

dttfL

t

=







∫   

)]([
1

)(.).(

0)()]([

)0()]([)]([

0)0()()().()(.Pr

0

0

0

tfL
s

dttfLei

dttfLstfL

FtFLstFLhaveWe

fandtftFThentFdttfLetoof

t

t

t

=








−







=

−=′

==′=

∫

∫

∫

  

(Using First shifting property) 

(Using First shifting property) 

(Using second shifting property) 
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∫
∞
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∞
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)]([)(
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∂

∂
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∫
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∫
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∞
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)]([.
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3

3
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2

2
22

2
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d
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d
tftLSimilarly

tfL
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d
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ds
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
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t
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Theorem

)]([)()(
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∫ ∫∫ ∫
∞ ∞∞ ∞

=





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:
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Problems 
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d
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=


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


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
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
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=
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5. Does Laplace transform of 
t
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t
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t
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lim
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 =  

t
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t
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= ∞==

0

1

0
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        Hence 


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
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
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(log 1 = 0) 
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













+

+
=

∞

as

bs

bs

as

s

 

      






 −

t

bte
LFind

ta cos
.12  

      ∞

∞ ∞







+−−=










+
−

−
=−=







 −
∫ ∫

s

s s

ta
ta

bsas

ds
bs

s

as
dsbteL

t

bte
LSol

)log(
2

1
)log(

1
)cos(

cos
.

22

22

 

                                                                  










−

+
=


















+

−
=







+−−=

∞

2

22

22

2

222

)(
log

2

1

)(
log

2

1

)log(
2

1
)log(

2

1

as

bs

bs

as

bsas

s
 

 

      







=

−

t

t
LFinde

s
tLIf s

cos

2
][sin.13 4

1

2/3

π
 

     
[ ]{ }

sss e
s

e
ss

se
s

s

ftLs

t
dt

d
L

t

t
LSol

4

1

4

1

4

1

2/3
.0

2
.2

)0(sin2

sin2
cos

.

−−−

==







−=

−=







=








πππ
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Home Work 

)sin(.1 attLFind
                

)2cos(.2 ttLFind
              

)5sin(.3 2
ttLFind

 

)cos(.4 2
ttLFind

               
)cos(.5 tetLFind

t−

         
)3sin(.6 2

tetLFind
t−

 

)2sin(.7 32
tetLFind

t−

   
)2cos(.8 22

tetLFind
t

  
)2cos22(sin.9 tttLFind −

 

)2sincosh(.10 tttLFind
   









∫

−
t

t
dttetLFind

0

sin.11 






 −

t

t
LFind

cos1
.12

 








 − −−

t

ee
LFind

tt 2

.13

    








 −

t

tt
LFind

3cos2cos
.14

    








 −

t

te
LFind

t 2sin
.15

3

 








 −
2

cos1
.16

t

t
LFind

       









∫

−
t

t
dt

t

t
eLFind

0

sin
.17

 













+







∫

−

t

t
dttetLFind

t

t 5sin
3cos.18

0

4

 

 

Using Laplace Transform we can evaluate certain integrals 

Problems 

1. Using Laplace transform evaluate ∫
∞

−

0

2 3sin tdte
t

 

    

13

3

92

3
3sin

,2

9

3

)3(sin3sin,.

2

0

2

2

0

=
+

=

=

+
=

=

∫

∫

∞
−

∞
−

tdte

getwesput

s

tLtdtedefinitionBySol

t

ts

 

2. Using Laplace transform evaluate ∫
∞

−

0

3 2sin tdtte t

 

Sol.  By definition,  ∫
∞

− =
0

)2sin(2sin ttLdttet
ts

 

                                                         = ]2[sin tL
ds

d
−  
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.
)4(

4

2.
)4(

2

4

2
.

22

22

2

+
=










+

−
−=










+
−=

s

s

s
s

sds

d

 

                       put s = 3, we get 

              .
169

12

)49(

)3(4
2sin

2

0

3 =
+

=∫
∞

− dttet t

 

3.  Using Laplace transform evaluate ∫
∞

−

0

2
2 sin

dt
t

t
e

t

   

Sol.    By definition, ∫∫
∞∞

− =












=

s

st dstL
t

t
Ldt

t

t
e )(sin

sinsin 2
2

0

2

 

                                                         
∫

∫

∞

∞










+
−=








 −
=

s

s

ds
s

s

s

ds
t

L

4

1

2

1

2

2cos1

2

 

                                        

∞

∞

∞


















+
=







+−=







+−=

s

s

s

s

s

ss

ss

4
log

4

1

)4log(
2

1
log

2

1

2

1

)4log(
2

1
log

2

1

2

2

22

2

 

                                   








 +
=

2

2 4
log

4

1

s

s
 

                          put s = 2, we get 

                    ∫
∞

−

0

2
2 sin

dt
t

t
e

t

  .2log
4

1

4

44
log

4

1
=







 +
=  

 

 

 

 

 

 



      KINGS ENGINEERING COLLEGE                          Transforms & Random Processes                           Dr. M. Muralidharan                  20 

 

4. Using Laplace transform evaluate ∫
∞ −− −

0

2

dt
t

ee
tt

   

Sol.    By definition, ∫∫
∞

−−
−−∞ −−

− −=






 −
=

−

s

tt
tttt

ts
dseeL

t

ee
Ldt

t

ee
e )( 2

2

0

2

 

                                                             ∫
∞










+
−

+
=

s

ds
ss 2

1

1

1
 

                                                

[ ]










+

+
=


















+

+
=

+−+=

∞

∞

1

2
log

2

1
log

)2log()1(log

s

s

s

s

ss

s

s

 

                    put s = 0, we get 

                    2log
10

20
log

0

2

=








+

+
=

−
∫
∞ −−

dt
t

ee
tt

   

Home Work 

∫
∞

−

0

3 cos.1 dttetEvaluate
t

                 
∫
∞ −

0

sin
.2 dt

t

te
Evaluate

t

 

∫
∞ −− −

0

63

.3 dt
t

ee
Evaluate

tt

                

 

Initial value theorem 

If L[f(t)] = F(s) then  )(lim)(lim
0

ssFtf
st ∞→→

=  

Proof.   We have )0()]([)]([ ftfLstfL −=′  

                                         )0()( fsFs −=  

            Taking limits on both sides as ∞→s , we get 

                           

)(lim)(lim.).(

)0()(lim

0

)(lim

)]([lim)]0()([lim

0

0

tfssFei

fssF

dttfe

tfLfssF

ts

s

ts

s

ss

→∞→

∞→

∞
−

∞→

∞→∞→

=

=

=

′=

′=−

∫
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Final value theorem 

If L[f(t)] = F(s) then  )(lim)(lim
0

ssFtf
st →→∞

=  

Proof.   We have )0()]([)]([ ftfLstfL −=′  

                                         )0()( fsFs −=  

            Taking limits on both sides as 0→s , we get 

                  
[ ]

)(lim)(lim.).(

)0()()0()(lim

)(

)(

)(lim

)]([lim)]0()([lim

0

0

0

0

0
0

00

tfssFei

fffssF

tf

dttf

dttfe

tfLfssF

ts

s

ts

s

ss

∞→→

→

∞

∞

∞
−

→

→→

=

−∞=−⇒

=

′=

′=

′=−

∫

∫

 

 

Problems 

1. Verify initial and final value theorem for f(t) = 1 + e
–t

 (sint + cost). 

     Sol.  Given f(t) = 1 + e
–t

 (sint + cost) 

              F(s) = L[f(t)] = L[1 + e
–t

 (sint + cost)] 

                       )cos()sin()1()( teLteLLsF
tt −− ++=  

                     

22

)1(

22
1)(

22

1

22

11
)(

22

22

++

+
+

++
+=

++

+
+

++
+=

ss

ss

ss

s
ssF

ss

s

sss
sF

 

                  
2101

)cossin1(lim)(lim
00

=++=

++= −−

→→
tetetf

tt

tt
 

                 

2101

/2/21

/11

/22

1
1lim

22

)1(

22
1lim)(lim

2

22

=++=










++

+
+

++
+=










++

+
+

++
+=

∞→

∞→∞→

ss

s

ss

ss

ss

ss

s
ssF

s

ss

 

               )(lim)(lim
0

ssFtf
st ∞→→

=∴  

              Hence initial value theorem is verified. 

 

22

1

1)1(

1
)sin(

1

1
)(sin

2

2

2

++
=

++
=

+
=

−

ss

s
teL

s
tL

t

 

22

1

1)1(

1
)cos(

1
)(cos

2

2

2

++

+
=

++

+
=

+
=

−

ss

s

s

s
teL

s

s
tL

t
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1001

)cossin1(lim)(lim,

=++=

++= −−

∞→∞→
tetetfNow

tt

tt
 

                      
1001

22

)1(

22
1lim)(lim

2200

=++=










++

+
+

++
+=

→→ ss

ss

ss

s
ssF

ss
 

                     )(lim)(lim
0

ssFtf
st →∞→

=∴  

              Hence final value theorem is verified. 

 

2. Verify the initial value theorem for the function f(t) = 1 + e
–
 
2t

  

     Sol.  Given f(t) = 1 + e
– 2 t

  

           F(s) = L[f(t)] = L[1 + e
– 2 t

] 

                       )()1()( 2t
eLLsF

−+=  

                     

2
1)(

2

11
)(

+
+=

+
+=

s

s
ssF

ss
sF

 

                  
211

)1(lim)(lim 2

00

=+=

+= −

→→

t

tt
etf

 

              

211

/21

1
1lim

2
1lim)(lim

=+=










+
+=










+
+=

∞→

∞→∞→

s

s

s
ssF

s

ss

 

              )(lim)(lim
0

ssFtf
st ∞→→

=∴  

              Hence initial value theorem is verified. 

 

Home Work 

1.  Verify initial and final value theorem for 
t

ettf
32)( −=  
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Periodic function 

A function f(t) is said to be a periodic function, if there exists a constant P( > 0) 

such that f(t + P) = f(t) for all values of t. The least value of P is called the period 

of the function. 

Example:  (i)  f(t) = sint  

                             = sin(2π + t) = sin(4π + t) = …….   

The function has periods 2π, 4π, etc. However 2π is the least value and therefore 

2π is the period of sint. 

                 (ii)  f(t) = cost  

                              = cos(2π + t) = cos(4π + t) = …….   

The function has periods 2π, 4π, etc. However 2π is the least value and therefore 

2π is the period of cost. 

               (iii)  f(t) = tant  

                             = tan(π + t) = tan(2π + t) = …….   

The function has periods π, 2π, etc. However π is the least value and therefore  

π is the period of tant. 

               (iv)  f(t) = | sint |  

                             = | sin(π + t) | = | sin(2π + t) | = …….   

The function has periods π, 2π, etc. However π is the least value and therefore  

π is the period of | sint |. 

 

Laplace transform of f(t) which is periodic with period ‘p’ is 

   ∫
−

−−
=

p

ts

sp
dttfe

e
tfL

0

)(
1

1
)]([

 

Problems 

1. Find the Laplace transform of the square wave given by 

    )()(

2
,

2
0,

)( tfTtfand

Tt
T

E

T
tE

tf =+










≤≤−

≤≤

=  

     Sol.  The given function is periodic with period ‘T’. 

           








−+

−
=

−
=∴

∫∫

∫

−−

−

−

−

T

T

ts

T

ts

sT

T

st

sT

dtEeEdte
e

dttfe
e

tfL

2/

2/

0

0

)(.
1

1

)(
1

1
)]([
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[ ]









=

+

−
=









+









−

=

+

−
=

+−

−
=

−

+−
=

−−

−−
=

−−−
−−

=
























−
−









−−
=

−

−

−−

−

−

−−

−

−−

−−−

−

−−

−

4
tanh

)1(

)1(

1
1

1
1

)1(

)1(

)1)(1(

)1(

)1(

)21(

)1(

)12(

)()1(
)1(

1

2/

2/

2/

2/

2/

2/

2/2/

22/

2/

2/

2/2/

2/

2/

0

Ts

s

E

es

eE

e
s

e
E

es

eE

ees

eE

es

eeE
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eeE

eee
es

E

s

e

s

e

e

E

Ts
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Ts

Ts

Ts

TssT

sT

sT

sTsT

sT

sTsT

sTsTsT

sT

T

T

ts
T

ts

sT

 

 

2.   Find the Laplace transform of the ‘meoander function’ defined as f(t) = 1 

when 0 < t < 
2

a
  and f(t) = –1 when 

2

a
 < t < a  and f(t) is periodic with period ‘a’ 

so that f(t + a) = f(t) for t > 0. 

Sol.  The given function is periodic with period ‘a’. 

           








−+

−
=

−
=∴

∫∫

∫

−−

−

−

−

a

a

st
a

st
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a
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dtedte
e

dttfe
e

tfL
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0

0
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1

1

)(
1

1
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[ ]

)1(
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1

1

2/
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st
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−
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

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

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


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

−
−









−−
=

  

1

1

2
tanh

+

−
=








x

x

e

ex
Q  
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)1(
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1

1

2
tanh

+

−
=








x

x

e

ex
Q  

                                   .
4

tanh
1









=

sa

s  

 

     3.  Prove that the Laplace transform of the rectangular wave of period 2π        

          defined by   

            












≤≤−

≤≤
=

2
tanh

1

2,2

0,
)(

2

s

s
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tt

tt
tf

π

πππ

π
. 

     Sol.  The given function is periodic with period ‘2π’.                
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    4.  Find the Laplace transform of  | sint |.       

    Sol.  π is the period of | sint |. The given function is a periodic function with   
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5. Find the Laplace transform of f(t) if f(t) = e
t
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Sol.  The given function is a periodic function with period ‘2π’. 
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     6.  Find the Laplace transform of the function given by 
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7.  Find the Laplace transform of the function f(t) with period 
w
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1.  Find the Laplace transform of the rectangular wave given by 
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Type – 6 

Method of Partial fractions 

     To resolve into partial fractions, degree of numerator should be less than the 

degree of denominator. [ deg. of  Nr. < deg. of  Dr.] 
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Type – 7 
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Convolution of two functions 

     If f(t) and g(t) are given functions then the convolution of f(t) and g(t) is 

defined as ∫ −
t
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0
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[ cos(at – 2at) = cos(– at)  

                           = cosat ] 

2sinAcosB = sin(A + B) + sin(A – B) 

2sinAsinB = cos(A – B) – cos(A + B) 
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4.   Using convolution theorem find the inverse Laplace transform of the   
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[ sin(2t – 4t) = sin(–2t)  

                         = – sin2t ] 
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Home Work 

1. Using convolution theorem find the inverse Laplace transform of the 

following. 
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Solving Ordinary Differential Equations using Laplace Transform 

1.   Use Laplace transform method to solve  

        .03,2,423
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Sol.  Let ).(tfy =  Then the given equation becomes 
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       { } { }
s

tfLftfsLfsftfLs

LtfLtfLtfL

4
)]([2)0()]([3)0()0()]([

)4()]([2)]([3)]([

2 =+−−′−−

=+′−′′

 

               
3)0(,2)0(.).(

3)0(,2)0(

03)(,2)(

=′=

=′=

==′=

ffei

yy

twhentytyGiven

 

       { } { }
s

tfLtfsLstfLs
4

)]([22)]([332)]([2 =+−−−−  

                632
4

)]([)23( 2 −++=+− s
s

tfLss  

              










−−

+−
=

−−

+−
=

−+
=−+=−−

−

)2)(1(

432
)(

)2)(1(

432
)]([

324
32

4
)]([)2)(1(

2
1

2

2

sss

ss
Ltf

sss

ss
tfL

s

ss
s

s
tfLss

 

                 
21)2)(1(

432 2

−
+

−
+=

−−

+−

s

C

s

B

s

A

sss

ss

 

                 

3

3

)0()1)(1()0(432,1

2

24

)0()0()2)(1(4,0

)1()2()2)(1(432 2

−=

−=

+−+=+−=

=

=

++−−==

−+−+−−=+−

B

B

CBAsPut

A

A

CBAsPut

ssCssBssAss

 

    

3

26

)1)(2()0()0(468,2

=

=

++=+−=

C

C

CBAsPut

 



      KINGS ENGINEERING COLLEGE                          Transforms & Random Processes                           Dr. M. Muralidharan                  53 

 

        

tt
eeyei

s
L

s
L

s
L

sss

ss
Ltf

ssssss

ss

2

111
2

1

2

332.).(

2

1
3

1

1
3

1
2

)2)(1(

432
)(

2

3

1

32

)2)(1(

432

+−=








−
+






−
−





=









−−

+−
=

−
+

−
−=

−−

+−

−−−−

  

 2.   Use Laplace transform method to solve  
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        Put s = 0,     0 + 1 = A(1)(2) + 0 + 0 

                                  A = 
2

1
 

        Put s = –1,    1 + 1 = 0 + B(–1) + 0 

                                   B = – 2 

        Put s = – 2,    4 + 1 = 0 + 0 + C(–2)( –1) 
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6.  Solve using Laplace transform  1)0(cos22
0

==++ ∫ ygiventdtyy
dt

dy
t

  

Sol.  Let ).(tfy =  Then the given equation becomes 
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Home Work 

Using Laplace transform solve the following: 

1)0(,0)0(,44.1
2

2

−=′==++ −
yyety

dt

dy

dt

yd t

 

2)0(,0)0(554.2
2

2
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dt

dy

dt

yd
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====++ −
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dt
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dt
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dt

yd t

 

1)0(,0)0(222.4
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dx
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dx
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.0)0(,0)0(,44.5
2
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                         MA 242303  TRANSFORMS & RANDOM PROCESSES 
 

       UNIT  II – FOURIER TRANSFORM  
 

Fourier integral theorem. 

     If f(x) is a given function defined in (– l, l) and satisfies Dirichlet’s conditions then  

           ∫∫∫∫
∞

∞−

∞∞

∞−

−

∞

∞−

−== λλ
π

λ
π

λ
ddttxtfxforddtetfxf

txi )](cos[)(
1

)()()(
2

1
)(

0

)(
 

 

Definition: 

Fourier transform pair. 

    Fourier transform of  f(x) is defined as  ∫
∞

∞−

== dxexfxfFsF
xsi)(

2

1
)]([)(

π
 

    Its Inverse Fourier transform is  )]([)]([
2

1
)( 1

sFFdsexfFxf
xsi −

∞

∞−

− == ∫
π

 

 

Fourier cosine transform pair. 

    Fourier cosine transform of  f(x) is  ∫
∞

==
0

cos)(
2

)]([)( dxsxxfxfFsF cc
π

 

    Its Inverse Fourier cosine transform is  ∫
∞

=
0

cos)]([
2

)( dssxxfFxf c
π

 

 

Fourier sine transform pair. 

    Fourier sine transform of  f(x) is  ∫
∞

==
0

sin)(
2

)]([)( dxsxxfxfFsF ss
π

 

    Its Inverse Fourier sine transform is  ∫
∞

=
0

sin)]([
2

)( dssxxfFxf s
π

 

 

Parseval’s identity for Fourier transform. 

    If F(s) is the Fourier transform of  f(x) then  ∫∫
∞

∞−

∞

∞−

= dxxfdssF
22 |)(||)(|  

 

Parseval’s identity for Fourier sine and cosine transform. 

i) If Fs(s) and Fc(s) are the Fourier sine and Fourier cosine transform of  f(x) respectively then 

                ∫∫∫∫
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==
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ii) If Fs(s) and Fc(s) are the Fourier sine and Fourier cosine transform of  f(x) and g(x)   

     respectively then 

                ∫∫∫∫
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Problems 

1.   Find the Fourier transform of 



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∞
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           Using inverse Fourier transform, we have 
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f (x) = a

2
 – x

2
 

f (x) = 1 – x
2
 

f (0) = 1 – 0 = 1 
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               Using Parseval’s identity, we have 
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2.   Find the Fourier transform of 




≥
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      Hence deduce that ∫
∞
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∞
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









+−+= ∫∫∫

∞

−

−

∞− 1

1

1

1

.0)||1(.0
2

1
dxedxexdxe

xsixsixsi

π
 

                                       

∫∫

∫

−−

−

−+−=

+−=

1

1

1

1

1

1

sin)||1(
2

1
cos)||1(

2

1

)sin(cos)||1(
2

1

dxsxxidxsxx

dxsxisxx

ππ

π
 

f (x) = a
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1
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1
 = 
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3
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                Using Parseval’s identity, we have 

                          

∫∫

∫∫∫∫

∫∫

−

∞

∞−

∞

−

−

∞−

∞

∞−

∞

∞−

∞

∞−

−=






 −

+−+=














 −

=

1

1

2

2

2

1

1

1

2

12

2

22

)||1(
cos12

.0)||1(.0
cos12

|)(||)(|

dxxds
s

s

dxdxxdxds
s

s

dxxfdssF

π

π  

                    

3

sin
.).(

3

2sin

2

4

3

2sin2

2

1

3

1
}0{2

2cos1

16

8

3

)1(
22

4

2cos14

)1(2
cos14

0

4

0

2

2

2

0

2

2

2

0

2

2

1

0

3

0

2

2

1

0

2

0

2

2

π

π

π

π

π

π

=








=








=
























−−=







 −










−

−
=







 −

−=






 −

∫

∫

∫

∫

∫

∫∫

∞

∞

∞

∞

∞

∞

dt
t

t
ei

dt
t

t

dt
t

t

dt
t

t

x
dt

t

t

dxxds
s

s

 

3.   Find the Fourier transform of 




>

<
=

1||,0

1||,1
)(

x

x
xf  

      Hence deduce that ∫
∞

=
0

2

sin
)(

π
dt

t

t
i          ∫

∞

=








0

2

2

sin
)(

π
dt

t

t
ii  

Sol.              ∫
∞

∞−

= dxexfxfF
xsi)(

2

1
)]([

π
 

                                  











++= ∫∫∫

∞

−

−

∞− 1

1

1

1

.0)1(.0
2

1
dxedxedxe xsixsixsi

π
 

                                               ∫
−

+=

1

1

)sin(cos
2

1
dxsxisx

π
 

Put  s = 2t 

     ds = 2dt 
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





−=







=

+=

+=

∫

∫∫
−−

0
sin2

sin2

0cos
2

2

sin
2

1
cos

2

1

1

0

1

0

1

1

1

1

s

s

s

sx

dxsx

dxsxidxsx

π

π

π

ππ

 

             
s

s
xfFei

sin2
)]([.).(

π
=  

           Using inverse Fourier transform, we have 

                             

∫

∫
∞

∞−

∞

∞−

−

−







=

=

dssxisx
s

s

dsexfFxf
xsi

)sin(cos
sin2

2

1

)]([
2

1
)(

ππ

π
 

                                                    ∫∫
∞

∞−

∞

∞−









−








= dssx

s

s
idssx

s

s
sin

sin1
cos

sin1

ππ
 

                                     f (x) 0cos
sin2

0

−







= ∫

∞

dssx
s

s

π
 

                   

2

sin
.).(

)1(
2

)0(
2

sin

0

)(
2

cos
sin

0

0

0

π

π

π

π

=

=

=

=

=








∫

∫

∫

∞

∞

∞

dt
t

t
ei

fds
s

s

getwexPut

xfdssx
s

s

 

             Using Parseval’s identity, we have 

                          

[ ]

2

sin
2

sin4

)1(1

sin4

sin2

.0)1(.0
sin2

|)(||)(|

0

2

0

2

1

1

0

2

1

1

2

1

1

1

2

12

22

π

π

π

π

π

=







⇒=









−−=

=








=








++=










=

∫∫

∫

∫∫

∫∫∫∫

∫∫

∞∞

−

∞

−

∞

∞−

∞

−

−

∞−

∞

∞−

∞

∞−

∞

∞−

dt
t

t
ds

s

s

xds
s

s

dxds
s

s

dxdxdxds
s

s

dxxfdssF

 

 

f (x) = 1 

f (0) = 1  
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4.  Find the sine transform of  
x

1
 

Sol.     ∫
∞

=
0

sin)(
2

)]([ dxsxxfxfFs
π

 

               

2

2

2

sin2

sin
2

sin
121

0

0

0

π

π

π

π

π

π

=

=

=

=

=






∫

∫

∫

∞

∞

∞

dt
t

t

s

dt
t

t

s

dxsx
xx

Fs

 

5.  Find f(x) if its sine transform is 
sae−
 

Sol.   The inverse Fourier sine transform is given by 

                         

∫

∫
∞

−

∞

=

=

0

0

sin
2

sin)]([
2

)(

dssxe

dssxxfFxf

sa

s

π

π
 

                      

22

22

0

22

2

)0(
1

}0{
2

)cossin(
2

ax

x

x
xa

sxxsxa
xa

e
sa

+
=


















−
+

−=









−−

+
=

∞
−

π

π

π

 

6.  Find f(x) if its cosine transform is 








≥

<







−

=

as

as
s

a
pf c

2,0

2,
22

1

)( π  

Sol.  The inverse Fourier cosine transform is given by 

                         

2

2

2

22

2

0

2

2

0 2

0

sin

2

2cos11

2

1
0

2

2cos
0

1

cos

2

1sin

2

1

0cos
22

12

cos)]([
2

)(

x

ax

ax

x

xx

ax

x

sx

x

sxs
a

dssxds
s

a

dssxxfFxf

a

a

a

c

π

π

π

π

ππ

π

=

−
=


















−−








−=
















 −








−−
















−=









+








−=

=

∫ ∫

∫
∞

∞

 

Put  sx = t 

    s dx = dt 

∫
∞

=
0

2

sin π
dt

t

t
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7.   Find the Fourier sine and cosine transform of 
xa

e
−

  

Sol.        ∫
∞

=
0

sin)(
2

)]([ dxsxxfxfFs
π

 

               

22

22

0

22

0

2

)0(
1

}0{
2

)cossin(
2

sin
2

][

as

s

s
sa

sxssxa
sa

e

dxsxeeF

xa

xaxa

s

+
=


















−
+

−=









−−

+
=

=

∞
−

∞

−−

∫

π

π

π

π

 

 

                 ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                 

22

22

0

22

0

2

)0(
1

}0{
2

)sincos(
2

cos
2

][

as

a

a
sa

sxssxa
sa

e

dxsxeeF

xa

xaxa

c

+
=


















+−
+

−=









+−

+
=

=

∞
−

∞

−−

∫

π

π

π

π

 

8.   Find the Fourier sine transform of  
x

e
xa−

 

Sol.            ∫
∞

=
0

sin)(
2

)]([ dxsxxfxfFs
π

 

                

∫

∫

∫

∫

∞ −

∞ −

∞ −−

∞ −−

=










∂

∂
=

=








=








0

0

0

0

.cos
2

sin
2

sin
2

''....

sin
2

dxxsx
x

e

dxsx
x

e

s

dxsx
x

e

ds

d

x

e
F

ds

d

getwesidesbothonstrwDiff

dxsx
x

e

x

e
F

xa

xa

xaxa

s

xaxa

s

π

π

π

π

 

                                                    ∫
∞

−=
0

cos
2

dxsxe
xa

π
 

                                     

∞
−









+−

+
=

0

22
)sincos(

2
sxssxa

sa

e xa

π
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getwestrwgIntegratin

as

a

x

e
F

ds

d

a
sa

xa

s

''...

2

)0(
1

}0{
2

22

22

+
=


























+−
+

−=

−

π

π

 

                               ∫ +
=






 −

ds
as

a

x

e
F

xa

s 22

2

π
 

                     









=

















=

−

−

a

s

a

s

a
a

1

1

tan
2

tan
12

π

π
 

9.   Find the Fourier cosine transform of  
x

e
xa−

 

Sol.            ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                

∫

∫

∫

∫

∞ −

∞ −

∞ −−

∞ −−

−=










∂

∂
=

=








=








0

0

0

0

).sin(
2

cos
2

cos
2

''....

cos
2

dxxsx
x

e

dxsx
x

e

s

dxsx
x

e

ds

d

x

e
F

ds

d

getwesidesbothonstrwDiff

dxsx
x

e

x

e
F

xa

xa

xaxa

c

xaxa

c

π

π

π

π

 

                                       ∞
−

∞

−









−−

+
−=

−= ∫

0

22

0

)cossin(
2

sin
2

sxssxa
sa

e

dxsxe

xa

xa

π

π

 

                          

)(log
2

12

2

''...

2

)0(
1

}0{
2

22

22

22

22

as

ds
as

s

x

e
F

getwestrwgIntegratin

as

s

x

e
F

ds

d

s
sa

xa

c

xa

c

+−=

+
−=









+
−=


























−
+

−−=

∫
−

−

π

π

π

π

 

                                                  )(log
2

1 22
as +−=

π
 

 

∫ 







=

+

−

a

x

aax

dx 1

22
tan

1

 

∫ +=
+

)(log
2

1 22

22
ax

ax

dxx
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10.   Find the Fourier sine and cosine transform of 
ax

ex
−

 

Sol.            ][][ xa

c

xa

s eF
ds

d
exF

−− −=  

                        

22

22

0

22

0

2

)0(
1

}0{
2

)sincos(
2

cos
2

][

as

a

a
sa

sxssxa
sa

e

dxsxeeF

xa

xaxa

c

+
=


















+−
+

−=









+−

+
=

=

∞
−

∞

−−

∫

π

π

π

π

 

                       

222

222

22

)(

22

)2(
)(

2

2
][

as

as

s
as

a

as

a

ds

d
exF

xa

s

+
=










+

−
−=










+
−=−

π

π

π

 

             ][][ xa

s

xa

c eF
ds

d
exF

−− =  

             

22

22

0

22

0

2

)0(
1

}0{
2

)cossin(
2

sin
2

][

as

s

s
sa

sxssxa
sa

e

dxsxeeF

xa

xaxa

s

+
=


















−
+

−=









−−

+
=

=

∞
−

∞

−−

∫

π

π

π

π

 

          

222

22

222

22

22

)(

2

)(

)2()1)((2

2
][

as

sa

as

ssas

as

s

ds

d
exF

xa

c

+

−
=

+

−+
=










+
=−

π

π

π

 

 

11.   Solve the integral equation ∫
∞

−=
0

cos)( λλ edxxxf  

Sol.           Given  ∫
∞

−=
0

cos)( λλ edxxxf  
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λλ
πππ

π

π
λ

π

λλ

λ

λ

dxeeFxf

exfF

edxxxf

c

c

cos
222

)(

2
)]([

2
cos)(

2

0

1

0

−

∞

−−

−

∞

−

∫

∫

=







=

=

=

 

                                                                                                        


















+−
+

−=









+−

+
=

=

∞
−

∞

−

∫

)01(
1

1
}0{

2

)sincos(
1

2

cos
2

2

0

2

0

x

xx
x

e

dxe

π

λλλ
π

λλ
π

λ

λ

 

                                                                                   21

12
)(.).(

x
xfei

+
=

π
 

 

12.   Find the Fourier transform of  2

2x

e
−

 

Sol.      ∫
∞

∞−

= dxexfxfF
xsi)(

2

1
)]([

π
 

                 

[ ]

[ ]
∫

∫∫
∞

∞−

−−−

∞

∞−

−−
∞

∞−

−−

=

==












dxe

dxedxeeeF

sisix

xsix
xsi

xx

222

2
22

)(
2

1

2
2

1

22

2

1

2

1

2

1

π

ππ

 

                                                                                              

[ ]

∫

∫

∫

∫

∞

∞−

−

−

∞

∞−








 −
−

−

∞

∞−

−−
−

∞

∞−

−−−

=

=

=

=

dte
e

dxe
e

dxe
e

dxee

t

s

six
s

six

s

s
six

2
2

2

2

2

1

2
2

2

2
2

)(
2

12

2
)(

2

1

2

2

2

2

2
2

π

π

π

π

 

                                                                   

2
2

2
2

2

2

2

s
s

t

s

e
e

dte
e

−
−

∞

∞−

−

−

==

= ∫

π
π

π

 

                                            (i.e.)  22

22

][

sx

eeF
−−

=  

∫
∞

∞−

− = πdte
t 2

dt
dx

t
six

Put

=

=
−

2

2
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Note:  If the transform of f(x) is equal to f(s), then the function f(x) is called self-reciprocal. In 

the above problem, 2

2
x

e
−

 is self-reciprocal under Fourier transform. 
 

13.   Find the Fourier cosine transform of  
22

xa
e

−
 and hence find ][

22 xa

s exF
−

 

Sol.               ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                          

[ ]

[ ]

∫

∫

∫

∫

∫

∫

∞

∞−

−







−−

∞

∞−














−








−−

∞

∞−

−−

∞

∞−

−

∞

∞−

−

∞

−−

=

=

=

=

=

=

dxeePR

dxePR

dxePR

dxeePR

dxsxe

dxsxeeF

a

s

a

si
ax

a

si

a

si
ax

xsixa

xsixa

xa

xaxa

c

2

22

2

222

22

22

22

2222

42

42

0

..
2

1

..
2

1

..
2

1

..
2

1

cos
2

12

cos
2

π

π

π

π

π

π

 

                                                  ∫
∞

∞−









−−

−

= dxePR
e a

si
axa

s
2

2

2

2
4

..
2π

 

                                  

π
π

π

..
2

..
2

2

2

2

2

4

2
4

PR
a

e

a

td
ePR

e

a

s

t
a

s

−

∞

∞−

−

−

=

= ∫

 

             

2

2

22 4

2

1
][.).( a

s

xa

c e
a

eFei
−

− =
 

               

2

2

2

2

2

2

2222

4

32

4

4

224

2

2

1

2

1

][][

a

s

a

s

a

s

xa

c

xa

s

e
a

s

a

s
e

a

e
ads

d

eF
ds

d
exF

−−

−

−−

=






 −
−=














−=

−=

 

 

 

dtdxa

t
a

si
axPut

=

=−
2
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14.   Find the Fourier cosine transform of 
x

e
4−

. Hence deduce that 
8

0

2 816

2cos −

∞

=
+∫ edx

x

x π
  and     

       
8

0

2 216

2sin −

∞

=
+∫ edx

x

xx π
 

Sol.   ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                 

16

42

)04(
16

1
}0{

2

)sincos4(
16

2

cos
2

][

2

2

0

2

4

0

44

+
=


















+−
+

−=









+−

+
=

=

∞
−

∞

−−

∫

s

s

sxssx
s

e

dxsxeeF

x

xx

c

π

π

π

π

 

           Using inverse Fourier cosine transform, we have 

                  
8

0

2

8

0

2

4

0

2

0

2

0

2

0

2

0

816

2cos

816

2cos

,2

)1(
816

cos

)(
816

cos

16

cos8
)(

cos
16

422

cos)]([
2

)(

−

∞

−

∞

−

∞

∞

∞

∞

∞

=
+

=
+

=

−−−−−−−−=
+

=
+

+
=










+
=

=

∫

∫

∫

∫

∫

∫

∫

edx
x

x

eds
s

s

getwexPut

eds
s

sx

xfds
s

sx

ds
s

sx
xf

dssx
s

dssxxfFxf

x

c

π

π

π

π

π

ππ

π

 

           Differentiate (1) w.r.t. x, we get 

                         

x

x

x

x

eds
s

sxs

eds
s

ssx

e
dx

d
ds

s

sx

x

e
dx

d
ds

s

sx

dx

d

4

0

2

4

0

2

0

4

2

4

0

2

216

sin

)4)((
816

.sin

)(
816

cos

)(
816

cos

−

∞

−

∞

∞

−

−

∞

∫

∫

∫

∫

=
+

−=








+

−

=








+∂

∂

=
+

π

π

π

π
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8

0

2

8

0

2

216

2sin

216

2sin

,2

−

∞

−

∞

=
+

=
+

=

∫

∫

edx
x

xx

eds
s

ss

getwexPut

π

π

 

 

15.   Find the Fourier sine and cosine transform of 
x

e
−

and hence find the Fourier sine  

      transform of 
21 x

x

+
 and Fourier cosine transform of 

21

1

x+
      

Sol.          ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                          ∞
−

∞

−−









+−

+
=

= ∫

0

2

0

)sincos(
1

2

cos
2

][

sxssx
s

e

dxsxeeF

x

xx

c

π

π

 

              

1

12

)01(
1

1
}0{

2

2

2

+
=


















+−
+

−=

s

s

π

π
 

              

1

2

)0(
1

1
}0{

2

)cossin(
1

2

sin
2

][

2

2

0

2

0

+
=


















−
+

−=









−−

+
=

=

∞
−

∞

−−

∫

s

s

s
s

sxssx
s

e

dxsxeeF

x

xx

s

π

π

π

π

 

      Now, )1(cos
1

12

1

1

0

22
−−−−−

+
=






+ ∫
∞

dxsx
xx

Fc
π

 

           Using inverse Fourier cosine transform, we have 

                  

s

x

x

x

c

edx
x

sx

eds
s

sx

ds
s

sx
e

dssx
s

e

dssxxfFxf

−

∞

−

∞

∞

−

∞

−

∞

∫

∫

∫

∫

∫

=
+

=
+

+
=










+
=

=

21

cos

21

cos

1

cos2

cos
1

122

cos)]([
2

)(

0

2

0

2

0

2

0

2

0

π

π

π

ππ

π

 

           

 

Put   x = s 

and  s = x 
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            Equation (1) becomes 

              
s

s

c

e

e
x

F

−

−

=

=






+

2

2

2

1

1
2

π

π

π
 

                

s

s

s

cs

e

e

e
ds

d

x
F

ds

d

x

x
F

−

−

−

=

−−=









−=








+
−=






+

2

)1(
2

2

1

1

1 22

π

π

π

 

16.   Find the Fourier transform of 0,)( || >= − aexf xa
. Hence deduce that 

        ∫
∞

−=
+

0

||

22 2

cos
)( xa

e
a

dt
ta

tx
i

π
  ∫

∞

=
+

0

2 21
)(

π

x

xd
ii    ∫

∞

=
+

0

22 4)1(
)(

π

x

xd
iii  and also prove   

        that   [ ]
222

||

)(

22
)(

as

as
iexFiv

xa

+
=−

π
  

Sol.                  ∫
∞

∞−

= dxexfxfF
xsi)(

2

1
)]([

π
 

                                     

0cos
2

2

sin
2

1
cos

2

1

)sin(cos
2

1

0

||||

||

+=

+=

+=

∫

∫∫

∫

∞

−

∞

∞−

−

∞

∞−

−

∞

∞−

−

dxsxe

dxsxeidxsxe

dxsxisxe

xa

xaxa

xa

π

ππ

π

 

                    

22

22

0

22

2
)]([.).(

)0(
1

}0{
2

)sincos(
2

as

a
xfFei

a
sa

sxssxa
sa

e xa

+
=


















+−
+

−=









+−

+
=

∞
−

π

π

π

 

               Using inverse Fourier transform, we have 

                                 

∫

∫
∞

∞−

−

∞

∞−

−

−








+
=

=

dssxisx
as

a
e

dsexfFxf

xa

xsi

)sin(cos
2

2

1

)]([
2

1
)(

22

||

ππ

π
 

                                            

0
cos2

sin
1

cos
1

0

22

2222

−
+

=










+
−









+
=

∫

∫∫
∞

∞

∞−

∞

∞−

ds
as

sxa

dssx
as

a
idssx

as

a

π

ππ
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)(
21

.).(

2

1

,10

)(
2

cos
.).(

2

cos

0

2

0

22

||

0

22

||

0

22

iiprovesThis
x

dx
ei

dt
at

getweaandxPut

iprovesThise
a

dt
at

xt
ei

e
a

ds
as

sx

xa

xa

π

π

π

π

=
+

=
+

==

=
+

=
+

∫

∫

∫

∫

∞

∞

−

∞

−

∞

 

                      Using Parseval’s identity, we have 

                          

[ ]

[ ]

)(
4)1(

.).(

4)1(

,1

4)(

2

1

)(

2

]10[
2

1

2)(

2

2
)(

4

)(

12

2

|)(||)(|

0

22

0

22

3

0

222

0

222

2

0

2

0

222

2

0

2

0

222

2

2||

222

2

2||

2

22

22

iiiprovesThis
x

dx
ei

s

ds

getweaput

aas

ds

aas

dsa

a

a

e

as

dsa

dxe
as

dsa

dxeds
as

a

dxeds
as

a

dxxfdssF

xa

xa

xa

xa

π

π

π

π

π

π

π

π

∫

∫

∫

∫

∫

∫∫

∫∫

∫∫

∫∫

∞

∞

∞

∞

∞
−∞

∞

−

∞

∞−

∞−

−

∞

∞−

∞−

∞−

−

∞

∞−

∞

∞−

∞

∞−

=
+

=
+

=

=
+

=
+

−
−

=










−
=

+

=
+

=
+

=










+

=

 

            By the property, )]([)()]([ xfF
ds

d
ixfxF −=  

                                                        

)(
)(

22

)2(
)(

2
)(

2
)(

][)(][

222

222

22

||||

ivprovesThis
as

sa
i

s
as

a
i

as

a

ds

d
i

eF
ds

d
iexF

xaxa

+
=










+

−
−=










+
−=

−= −−

π

π

π
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17.   Find the Fourier sine and cosine transform of  0,10,1 ><<− xnx n
 and hence prove  

        that 
x

1
 is self reciprocal under both Fourier sine and cosine transforms. Also find   

       












||

1

x
F .  

Sol.    Consider ∫∫
∞∞

−=−
00

sin)(
2

cos)(
2

)]([)]([ dxsxxfidxsxxfxfFixfF sc
ππ

 

                     

n

n

n

n

xsinn

s

n

c

xsi

sc

s

nn
i

n

s

n
i

is

n

dxexxFixF

dxexf

dxsxisxxfxfFixfF

)(2

2
sin

2
cos

)(2
)(

)(

)(2

2
][][

)(
2

)sin(cos)(
2

)]([)]([

0

111

0

0

Γ








−=

Γ
−=

Γ
=

=−

=

−=−

∫

∫

∫

∞

−−−−

∞

−

∞

π

ππ

π

π

π

π

π

 

                Equating R.P and I.P, we get 

                       

)2(
2

sin
)(2

][

)1(
2

cos
)(2

][

1

1

−−−−−−−
Γ

=

−−−−−−−
Γ

=

−

−

π

π

π

π

n

s

n
xF

n

s

n
xF

n

n

s

n

n

c

 

                       

s

sx
F

s
xF

haveweequationinnPut

c

c

1

2

121

4
cos

)2/1(2
][

),1(
2

1

2/1

1
2

1

=

=








Γ
=

=

−

π

π

π

π

 

                          

s

sx
F

s
xF

haveweequationinnPut

s

s

1

2

121

4
sin

)2/1(2
][

),1(
2

1

2/1

1
2

1

=

=








Γ
=

=

−

π

π

π

π

 

           Hence 
x

1
 is self reciprocal under Fourier sine and cosine transforms. 

n

xan

a

n
dxex

)(

0

1 Γ
=∫

∞

−−
 

2
sin

2
cos

2
sin

2
cos)(

2
sin

2
cos

ππ

ππ

ππ

n
i

n

ii

ii

n

n

−=









−=−

−=−
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                 Now,  ∫
∞

∞−

= dxexfxfF xsi)(
2

1
)]([

π
 

                           

s

x
F

dxsx
x

dxsx
x

dxsx
x

idxsx
x

dxsxisx
xx

F

c

1

1

cos
12

0cos
1

2

2

sin
||

1

2

1
cos

||

1

2

1

)sin(cos
||

1

2

1

||

1

0

0

=









=

=

+=

+=

+=












∫

∫

∫∫

∫

∞

∞

∞

∞−

∞

∞−

∞

∞−

π

π

ππ

π

 

18.   Verify Parseval’s theorem of Fourier transform for the function 




>

<
=

− 0,

0,0
)(

xe

x
xf

x  

Sol.    ∫
∞

∞−

== dxexfxfFsF
xsi)(

2

1
)]([)(

π
 

                                  











+= ∫∫

∞

−

∞− 0

0

..0
2

1
dxeedxe xsixxsi

π
 

                 

is
sFei

is

is

e

dxe

xsi

xsi

−
=










−−
−=










−−
=

=

∞
−−

∞

−−

∫

1

1

2

1
)(.).(

)1(

1
0

2

1

)1(2

1

2

1

0

)1(

0

)1(

π

π

π

π

 

               

2

1

0
2

1

1
tan

1

11

12

2

1

1

2

1

1

1

2

1

1

1

2

1
)()(|)(|

0

1

0

2

2

2

=







−=

















=

+
=

+
=

+−
==

∞

−

∞

∞

∞−

∞

∞−

∞

∞−

∞

∞−

∫

∫

∫∫∫

π

π

π

π

π

ππ

s

s

ds

ds
s

ds
isis

dssFsFdssF
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                ∫
∞

∞−

dxxf
2|)(| ∫∫

∞

−

∞−

+=
0

2

0

)(.0 dxedx
x

 

                                       

2

1

2

1
0

2
0

2

0

2

=








−
−=










−
=

=

∞
−

∞

−

∫

x

x

e

dxe

 

                     ∫∫
∞

∞−

∞

∞−

=∴ dxxfdssF
22 |)(||)(|  

                  Hence Parseval’s theorem is verified. 

19.   Using Parseval’s identity, calculate ∫
∞

+
0

222 )(
)

ax

dx
i    ∫

∞

+
0

22

2

)4(
)

x

dxx
ii  

Sol.   (i)  Let 
xa

exf
−=)(  then 22

2
)]([)(

as

a
xfFsF cc

+
==

π
   

               Using Parseval’s identity for Fourier cosine transform, we have 

                              ∫ ∫
∞ ∞

=
0 0

22 )]([)]([ dxxfdssFc  

                             

3

0

222

0

222

2

0

2

0

2

0

222

2

0 0

2

2

22

4)(
.).(

2

1

)(

2

2

1
0

2

)(

2

)(
2

aax

dx
ei

aas

dsa

a

a

e

dxe
as

dsa

dxeds
as

a

xa

xa

xa

π

π

π

π

∫

∫

∫∫

∫ ∫

∞

∞

∞
−

∞

−

∞

∞ ∞

−

=
+

=
+








−
−=










−
=

=
+

=










+

 

         (ii)  Let 
x

exf
2)( −=  then 

4

2
)]([)(

2 +
==

s

s
xfFsF ss

π
   

               Using Parseval’s identity for Fourier sine transform, we have 

                              ∫ ∫
∞ ∞

=
0 0

22 )]([)]([ dxxfdssFs  

                                        

∫∫

∫ ∫
∞

−

∞

∞ ∞

−

=
+

=










+

0

4

0

22

2

0 0

22

2

2

)4(

2

)(
4

2

dxe
s

dss

dxeds
s

s

x

x

π

π
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8)4(
.).(

4

1

)4(

2

4

1
0

4

0

22

2

0

22

2

0

4

π

π

∫

∫
∞

∞

∞
−

=
+

=
+








−
−=










−
=

x

dxx
ei

s

dss

e
x

 

20.   Use transform methods to evaluate  ∫
∞

++
0

22 )4)(1(
)

xx

dx
i    ∫

∞

++
0

22

2

)25)(9(
)

xx

dxx
ii  

Sol.  (i)  Let 
x

exf
−=)(  and  

x
exg

2)( −=   

              Then 
1

12
)]([)(

2 +
==

s
xfFsF cc

π
  and  

4

22
)]([)(

2 +
==

s
xgGsG cc

π
 

            We have   ∫ ∫
∞ ∞

=
0 0

)()()()( dxxgxfdssGsF cc  

                             

12)4)(1(
.).(

3

1

)4)(1(

4

3

1
0

3

)4)(1(

4

4

22

1

12

0

22

0

22

0

3

0

3

0

22

0 0

2

22

π

π

π

ππ

∫

∫

∫∫

∫ ∫

∞

∞

∞
−

∞

−

∞

∞ ∞

−−

=
++

=
++








−
−=










−
=

=
++

=
++

xx

dx
ei

ss

ds

e

dxe
ss

ds

dxeeds
ss

x

x

xx

 

        (ii)  Let 
x

exf
3)( −=  and  

x
exg

5)( −=   

               Then 
9

2
)]([)(

2 +
==

s

s
xfFsF ss

π
  and  

25

2
)]([)(

2 +
==

s

s
xgGsG ss

π
 

            We have   ∫ ∫
∞ ∞

=
0 0

)()()()( dxxgxfdssGsF ss  

                             

16)25)(9(8

1

)25)(9(

2

8

1
0

8

)25)(9(

2

25

2

9

2

0

22

2

0

22

2

0

8

0

8

0

22

2

0 0

53

22

π

π

π

ππ

∫∫

∫∫

∫ ∫

∞∞

∞
−

∞

−

∞

∞ ∞

−−

=
++

⇒=
++








−
−=









−
=

=
++

=
++

xx

dxx

ss

dss

e

dxe
ss

dss

dxeeds
s

s

s

s

x

x

xx
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21.   Evaluate ∫
∞

++
0

2222 ))(( bxax

dx
 using transforms. 

Sol.   Let 
xa

exf
−=)(  and  

xb
exg

−=)(   

         Then 22

2
)]([)(

as

a
xfFsF cc

+
==

π
  and  22

2
)]([)(

bs

b
xgGsG cc

+
==

π
 

               We have   ∫ ∫
∞ ∞

=
0 0

)()()()( dxxgxfdssGsF cc  

                             

)(2))((
.).(

1

))((

2

)(

1
0

)(

))((

2

22

0

2222

0

2222

0

)(

0

)(

0

2222

0 0

2222

baabbxax

dx
ei

babsas

dsab

baba

e

dxe
bsas

dsab

dxeeds
bs

b

as

a

xba

xba

xbxa

+
=

++

+
=

++










+−
−=









+−
=

=
++

=
++

∫

∫

∫∫

∫ ∫

∞

∞

∞
+−

∞

+−

∞

∞ ∞

−−

π

π

π

ππ

 

 

22.  Find the Fourier sine transform of 








>

<<−

<<

=

2,0

21,2

10,

)(

x

xx

xx

xf  

Sol.    ∫
∞

=
0

sin)(
2

)]([ dxsxxfxfFs
π

 

                        






 −
=






 −
=







−=


















−
−

−








−+







+−









+
−

=
















 −
−−







 −
−+















 −
−






 −
=









+−+= ∫∫∫

∞

2

2

22

222

2

1

2

1

0

2

2

2

1

1

0

)cos1(sin2
2

cossin2sin22

2sinsin22

sincos2sin
0

2
}00{

sincos2

sin
)1(

cos
)2(

2sin
)1(

cos2

sin.0sin)2(sin
2

s

ss

s

sss

s

s

s

s

s

s

s

s

s

s

s

s

s

s

s

sx

s

sx
x

s

sx

s

sx
x

dxsxdxsxxdxsxx

π

π

π

ππ

ππ

π
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Properties of Fourier Transform 
 

1.  Prove that  F[af(x) + bg(x)] = aF(s) + bG(s) [ Linearity property on Fourier transform] 

Proof.    We have  )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

               

)()(

)(
2

1
)(

2

1

)]()([
2

1
)]()([

sGbsFa

dxexgbdxexfa

dxexgbxfaxgbxfaF

xsixsi

xsi

+=

+=

+=+

∫∫

∫
∞

∞−

∞

∞−

∞

∞−

ππ

π

 

 

2. Prove (i)Fc[af(x) + bg(x)] = aFc(s) + bGc(s)[Linear property on Fourier cosine transform]  

 
 

                           (ii)Fs[af(x) + bg(x)] = aFs(s) + bGs(s)[Linear property on Fourier sine transform]  

Proof.  (i)              )(cos)(
2

)]([
0

sFdxsxxfxfF cc == ∫
∞

π
 

               

)()(

cos)(
2

cos)(
2

cos)]()([
2

)]()([

00

0

sGbsFa

dxsxxgbdxsxxfa

dxsxxgbxfaxgbxfaF

cc

c

+=

+=

+=+

∫∫

∫
∞∞

∞

ππ

π

 

         (ii)                )(sin)(
2

)]([
0

sFdxsxxfxfF ss == ∫
∞

π
 

               

)()(

sin)(
2

sin)(
2

sin)]()([
2

)]()([

00

0

sGbsFa

dxsxxgbdxsxxfa

dxsxxgbxfaxgbxfaF

ss

s

+=

+=

+=+

∫∫

∫
∞∞

∞

ππ

π

 

 

3.  Prove  that )()]([ sFeaxfF
sai=−  [ Time shifting property] 

Proof.    We have )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

                        

)(

)(
2

1

)(
2

1

)(
2

1

)(
2

1
)]([

)(

sFe

dxexfe

dtetfe

dtetf

dxeaxfaxfF

sai

xsisai

tsisai

atsi

xsi

=

=

=

=

−=−

∫

∫

∫

∫

∞

∞−

∞

∞−

∞

∞−

+

∞

∞−

π

π

π

π

 

 

 

 

 

Put  x – a = t 

          dx = dt 
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4.  Prove that  )()]([ asFxfeF
xai +=  [ Frequency shifting property] 

Proof.    We have  )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

                       

)(

)(
2

1

)(
2

1
)]([

)(

asF

dxexf

dxexfexfeF

xasi

xsixaixai

+=

=

=

∫

∫
∞

∞−

+

∞

∞−

π

π

 

5.  Prove that  0,
1

)]([)( >







= a

a

s
F

a
xafFi    [ Change of scale property] 

                         







=

a

s
F

a
xafFii ss

1
)]([)(  

                        







=

a

s
F

a
xafFiii cc

1
)]([)(  

Proof.  (i)   We have  )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

                                 









=

=

=

=

∫

∫

∫

∞

∞−

∞

∞−

∞

∞−

a

s
F

a

dtetf
a

a

dt
etf

dxexafxafF

t
a

s
i

a

t
si

xsi

1

)(
2

11

)(
2

1

)(
2

1
)]([

π

π

π

 

         (ii)  We have  )(sin)(
2

)]([
0

sFdxsxxfxfF ss == ∫
∞

π
 

                               









=









=









=

=

∫

∫

∫

∞

∞

∞

a

s
F

a

dtt
a

s
tf

a

a

dt

a

ts
tf

dxsxxafxafF

s

s

1

sin)(
21

sin)(
2

sin)(
2

)]([

0

0

0

π

π

π

 

          (iii)  We have  )(cos)(
2

)]([
0

sFdxsxxfxfF cc == ∫
∞

π
 

                                









=








=









=

=

∫

∫

∫

∞

∞

∞

a

s
F

a
dtt

a

s
tf

a

a

dt

a

ts
tf

dxsxxafxafF

c

c

1
cos)(

21

cos)(
2

cos)(
2

)]([

0

0

0

π

π

π

 

Put  a x = t 

      a dx = dt 

Put  a x = t 

      a dx = dt 

Put  a x = t 

      a dx = dt 
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6.   If )(λf  is the Fourier transform of  f (x), find the Fourier transform of  f (x – a) and   

         f (ax). 

Proof.   )()]([ λλ
feaxfF

ai=−   [ see property (3) and (5) (i) ] 

          and  







=

a
f

a
xafF

λ1
)]([  

 

7.   Prove that    [ Modulation property] 

        )]()([
2

1
]cos)([)( asFasFxaxfFi −++=       )]()([

2

1
]cos)([)( asFasFxaxfFii sss −++=  

        )]()([
2

1
]sin)([)( asFasFxaxfFiii ccs +−−=   )]()([

2

1
]cos)([)( asFasFxaxfFiv ccc −++=  

         )]()([
2

1
]sin)([)( saFsaFxaxfFv ssc −++=  

Proof.  (i)   We have  )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

                             

)]()([
2

1

)(
2

1
)(

2

1

2

1

2
)(

2

1

cos)(
2

1
]cos)([

)()(

asFasF

dxexfdxexf

dxe
ee

xf

dxexaxfxaxfF

xasixasi

xsi
xaixai

xsi

−++=












+=








 +
=

=

∫∫

∫

∫

∞

∞−

−

∞

∞−

+

∞

∞−

−

∞

∞−

ππ

π

π

 

       (ii)   We have  )(sin)(
2

)]([
0

sFdxsxxfxfF ss == ∫
∞

π
 

                     

)]()([
2

1

)sin()(
2

)sin()(
2

2

1

])sin()sin([
2

1
)(

2

sincos)(
2

]cos)([

00

0

0

asFasF

dxxasxfdxxasxf

dxxasxasxf

dxsxxaxfxaxfF

ss

s

−++=









−++=

−++=

=

∫∫

∫

∫

∞∞

∞

∞

ππ

π

π

 

       (iii)  We have  )(sin)(
2

)]([
0

sFdxsxxfxfF ss == ∫
∞

π
 

                      

)]()([
2

1

)cos()(
2

)cos()(
2

2

1

])cos()cos([
2

1
)(

2

sinsin)(
2

]sin)([

00

0

0

asFasF

dxxasxfdxxasxf

dxxasxasxf

dxsxxaxfxaxfF

cc

s

+−−=









+−−=

+−−=

=

∫∫

∫

∫

∞∞

∞

∞

ππ

π

π

 

 

2sinAcosB = sin(A + B) + sin(A – B) 

2sinAsinB = cos(A – B) – cos(A + B) 
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         (iv)   We have  )(cos)(
2

)]([
0

sFdxsxxfxfF cc == ∫
∞

π
 

                         ∫
∞

=
0

coscos)(
2

]cos)([ dxsxxaxfxaxfFc
π

 

 

                        

)]()([
2

1

)cos()(
2

)cos()(
2

2

1

])cos()cos([
2

1
)(

2

00

0

asFasF

dxxasxfdxxasxf

dxxasxasxf

cc −++=









−++=

−++=

∫∫

∫
∞∞

∞

ππ

π

 

 

          (v)   We have  )(cos)(
2

)]([
0

sFdxsxxfxfF cc == ∫
∞

π
 

                         ∫
∞

=
0

cossin)(
2

]sin)([ dxsxxaxfxaxfFc
π

 

                        

)]()([
2

1

)sin()(
2

)sin()(
2

2

1

])sin()sin([
2

1
)(

2

00

0

saFsaF

dxxsaxfdxxsaxf

dxxsaxsaxf

ss −++=









−++=

−++=

∫∫

∫
∞∞

∞

ππ

π

 

 

8.  Prove that  )()]([)( sFxfFi −=−       )(])([)( sFxfFii −=       )(])([)( sFxfFiii =−        

Proof.   (i) We have  )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

                              

)(

)(
2

1

)(
2

1

)()(
2

1

)(
2

1
)]([

)(

sF

dtetf

dtetf

dtetf

dxexfxfF

tsi

tsi

tsi

xsi

−=

=

=

−=

−=−

∫

∫

∫

∫

∞

∞−

−

∞

∞−

−

∞−

∞

−

∞

∞−

π

π

π

π

 

 

          (ii)   We have  ∫
∞

∞−

= dxexfsF
xsi)(

2

1
)(

π
 

                         

])([

)(
2

1
)(

)(
2

1
)(

xfF

dxexfsF

dxexfsF

xsi

xsi

=

=−

=−

∫

∫
∞

∞−

∞

∞−

−

π

π

 

 

2cosAcosB = cos(A + B) + cos(A – B) 

2sinAcosB = sin(A + B) + sin(A – B) 

Put  – x = t 

      – dx = dt 
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           (iii)   We have  ∫
∞

∞−

= dxexfsF
xsi)(

2

1
)(

π
 

                            

])([

)(
2

1

)(
2

1

)()(
2

1

)(
2

1
)(

xfF

dxexf

dtetf

dtetf

dxexfsF

xsi

tsi

tsi

xsi

−=

−=

−=

−−=

=

∫

∫

∫

∫

∞

∞−

∞

∞−

∞−

∞

∞

∞−

−

π

π

π

π

 

 
 

Convolution of two functions for Fourier transform. 

     The convolution of two functions f(x) and g(x) is defined by 

                 ∫
∞

∞−

−=∗=∗ dttxgtfxgxfxgf )()(
2

1
)()())((

π
 

Convolution theorem 

Statement.  If  F[f(x)] = F(s)  and  F[g(x)] = G(s) then  )().()]()([ sGsFxgxfF =∗  

Proof.     ∫
∞

∞−

∗=∗ dxexgxfxgxfF
xsi)]()([

2

1
)]()([

π
  

                                                      

∫ ∫

∫ ∫

∫ ∫

∫ ∫

∞

∞−

∞

∞−

−

∞

∞−

∞

∞−

−

∞

∞−

∞

∞−

∞

∞−

∞

∞−












−−=












−=












−=












−=

dtetxdetxgtf

dtdxeeetxgtf

dtdxetxgtf

dxedttxgtf

tsitxsi

tsitsixsi

xsi

xsi

)()(
2

1
)(

2

1

)(
2

1
)(

2

1

)(
2

1
)(

2

1

)()(
2

1

2

1

)(

ππ

ππ

ππ

ππ

                                                    

                                      

)()(

)(
2

1
)(

)()(
2

1

sFsG

dtetfsG

dtesGtf

tsi

tsi

=

=

=

∫

∫
∞

∞−

∞

∞−

π

π

 

              (i.e.)   )().()]()([ sGsFxgxfF =∗  

 

Parseval’s identity for Fourier transform. 

Statement:  If F(s) is the Fourier transform of  f(x) then 

                              ∫∫
∞

∞−

∞

∞−

= dxxfdssF
22 |)(||)(|  

Proof.    By convolution theorem for Fourier transform, we have 

                                   
)()()]()([

)().()]()([

1
xgxfsGsFF

sGsFxgxfF

∗=∴

=∗

−  

Put  – x = t 

      – dx = dt 
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               ∫∫
∞

∞−

∞

∞−

− −=⇒ dttxgtfdsesGsF
xsi )()(

2

1
)()(

2

1

ππ
 

                     ∫∫
∞

∞−

∞

∞−

− −=⇒ dttxgtfdsesGsF
xsi )()()()(  

 

                         Putting  x = 0, we get 

                           )1()()()()( −−−−−−−−= ∫∫
∞

∞−

∞

∞−

dttgtfdssGsF  

                           
)()(.).(

)2()()(

tftgei

tftgLet

−=

−−−−−−−=−
 

                    

)3()()(.).(

)()(

])([

])([

)]([)]([)(

−−−−−−−−−=

=

−=

−=

==

sFsGei

propertybysF

xfF

tfF

tgFxgFsG

 

            Substituting (2) and (3) in equation (1) we have 

                        ∫∫
∞

∞−

∞

∞−

= dttftfdssFsF )()()()(  

                  (i.e.)  ∫∫
∞

∞−

∞

∞−

= dxxfdssF
22 |)(||)(|  

 

 

 

University Questions: 

1.  State the Fourier transform of the derivatives of a function. 

Sol.                    )()()]([ sFisxfF −=′  

       

)()()]([,

)()()]([

)()()]([

)(

3

2

sFisxfFIngeneral

sFisxfF

sFisxfF

nn −=

−−−−−−−−−−−−

−=′′′

−=′′

 

 

2.  Give an example for self-reciprocal under Fourier transform. 

Sol.   2

2
x

e
−

 is self-reciprocal under Fourier transform. 
 

3.  Give an example for self-reciprocal under Fourier cosine transform. 

Sol.   2

2
x

e
−

 is self-reciprocal under Fourier cosine transform. 
 

4.  Give an example for self-reciprocal under both Fourier sine and cosine transform. 

Sol.   
x

1
 is self-reciprocal under both Fourier sine and cosine transform. 
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5.   Find the Fourier transform of  




≥

<−
=

ax

axxa
xf

||,0

||,||
)(  

       Hence deduce that  ∫
∞

=
0

2

sin
)(

π
dt

t

t
i       ∫

∞

=








0

4

3

sin
)(

π
dt

t

t
ii  

Sol.                   ∫
∞

∞−

= dxexfxfF
xsi)(

2

1
)]([

π
 

                                      











+−+= ∫∫∫

∞

−

−

∞− a

xsi

a

a

xsi

a

xsi
dxedxexadxe .0)||(.0

2

1

π
 

                                      


















−−








−=
















 −
−−








−=

−=

+−=

−+−=

+−=

∫

∫

∫∫

∫

−−

−

22

0

2

0

0

1
0

cos
0

2

cos
)1(

sin
)(

2

cos)(
2

0cos)||(
2

2

sin)||(
2

1
cos)||(

2

1

)sin(cos)||(
2

1

ss

sa

s

sx

s

sx
xa

dxsxxa

dxsxxa

dxsxxaidxsxxa

dxsxisxxa

a

a

a

a

a

a

a

a

a

π

π

π

π

ππ

π

 

                2

cos12
)]([.).(

s

as
xfFei

−
=

π
 

            Using inverse Fourier transform, we have 

                              

∫

∫
∞

∞−

∞

∞−

−

−






 −
=

=

dssxisx
s

as

dsexfFxf
xsi

)sin(cos
cos12

2

1

)]([
2

1
)(

2ππ

π

 

                                      ∫∫
∞

∞−

∞

∞−








 −
−







 −
= dssx

s

as
idssx

s

as
sin

cos11
cos

cos11
22 ππ

 

                                      0cos
cos12

0

2
−







 −
= ∫

∞

dssx
s

as

π
 

                          

)0(
2

cos1

0

)(
2

cos
cos1

0

2

0

2

fds
s

sa

getwexPut

xfdssx
s

as

π

π

=






 −

=

=






 −

∫

∫

∞

∞
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2

sin

24

sin2
2

)(
2

2

4

2cos1

0

2

0

2

2

0
2

2

π

π

π

=








=








=


















−

∫

∫

∫

∞

∞

∞

dt
t

t

a
dt

t

t
a

a
a

dt

a

t

t

 

                         This proves (i) 
              Using Parseval’s identity, we have 

                          

3

sin
.).(

3

2sin

2

4

3

2sin2

2

3
}0{2

2cos1

16

8

3

)(
2

2

/4

2cos14

)(2
cos14

)||(
cos12

.0)||(.0
cos12

|)(||)(|

0

4

0

2

2

2

3

0

2

2

23

3

0

2

2

3

0

3

0

2

22

0

2

0

2

2

2

2

2

2

2

2

22

π

π

π

π

π

π

π

π

=








=








=
























−−=







 −










−

−
=







 −

−=






 −

−=






 −

+−+=














 −

=

∫

∫

∫

∫

∫

∫∫

∫∫

∫∫∫∫

∫∫

∞

∞

∞

∞

∞

∞

−

∞

∞−

∞

−

−

∞−

∞

∞−

∞

∞−

∞

∞−

dt
t

t
ei

dt
t

t

a
dt

t

ta

a
dt

t

ta

xa

a

dt

at

t

dxxads
s

as

dxxads
s

as

dxdxxadxds
s

as

dxxfdssF

a

a

a

a

a

a

a

a

 

 
 

6.  Find the Fourier sine and cosine transform of 




>

<<
=

ax

axx
xf

,0

0,sin
)(  

Sol.    ∫
∞

=
0

sin)(
2

)]([ dxsxxfxfFs
π

 

                        

∫

∫∫

+−−=









+=

∞

a

a

a

dxxsxs

dxsxdxsxx

0

0

])1cos()1[cos(
2

12

sin.0sinsin
2

π

π
 

 

 

 

f (x) = a – | x | 

f (0) = a – 0 = a 

2sinAsinB = cos(A – B) – cos(A + B) 

Put  as = 2t 

     ads = 2dt 

Put  as = 2t 

     ads = 2dt 
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






+

+
−

−

−
=









−−









+

+
−

−

−
=








+

+
−

−

−
=

1

)1sin(

1

)1sin(

2

1

}00{
1

)1sin(

1

)1sin(

2

1

1

)1sin(

1

)1sin(

2

1

0

s

as

s

as

s

as

s

as

s

xs

s

xs
a

π

π

π

 

 

             ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                           

∫

∫∫

−−+=









+=

∞

a

a

a

dxxsxs

dxsxdxsxx

0

0

])1sin()1[sin(
2

12

cos.0cossin
2

π

π
 

                                     








−

−+
=








−
−

−

+
=













−+

++−−
−













−+

++++−−
=


















−
+

+

−
−









−

−
+

+

+−
=








−

−
+

+

+−
=

1

1coscossinsin2

1

2

1

coscos2sinsin2

2

1

)1)(1(

)1()1(

)1)(1(

]sinsincos)[cos1(]sinsincoscos)[1(

2

1

1

1

1

1

1

)1cos(

1

)1cos(

2

1

1

)1cos(

1

)1cos(

2

1

2

22

0

s

asaasas

ss

asaasas

ss

ss

ss

asaasasasaasas

sss

as

s

as

s

xs

s

xs
a

π

π

π

π

π

 

 

7.   Find the Fourier transform of 




≥

<−
=

1||,0

1||,1
)(

2

x

xx
xf  

           Hence deduce that ∫
∞

=
−

0

3 4

cossin
)(

π
ds

s

sss
i       ∫

∞

=
−

0

3 16

3

2
cos

cossin
)(

π
ds

s

s

sss
ii  

                            ∫
∞

=






 −

0

2

3 15

cossin
)(

π
ds

s

sss
iii  

 Sol.                  ∫
∞

∞−

= dxexfxfF
xsi)(

2

1
)]([

π
 

                                      











+−+= ∫∫∫

∞

−

−

∞− 1

1

1

2

1

.0)1(.0
2

1
dxedxexdxe

xsixsixsi

π
 

                                                     

∫∫

∫

−−

−

−+−=

+−=

1

1

2

1

1

2

1

1

2

sin)1(
2

1
cos)1(

2

1

)sin(cos)1(
2

1

dxsxxidxsxx

dxsxisxx

ππ

π

 

2cosAsinB = sin(A + B) – sin(A – B) 
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







+−−









+−=
















 −
−+







 −
−−








−=

+−= ∫

}000{
sin2cos2

0
2

sin
)2(

cos
)2(

sin
)1(

2

0cos)1(
2

2

32

1

0

32

2

1

0

2

s

s

s

s

s

sx

s

sx
x

s

sx
x

dxsxx

π

π

π

 

             




 −
=

3

cossin2
2)]([.).(

s

sss
xfFei

π
 

           Using inverse Fourier transform, we have 

                  

∫

∫
∞

∞−

∞

∞−

−

−






 −
=

=

dssxisx
s

sss

dsexfFxf
xsi

)sin(cos
cossin2

2
2

1

)]([
2

1
)(

3ππ

π
 

                               

0cos
cossin4

sin
cossin2

cos
cossin2

0

3

33

−






 −
=








 −
−







 −
=

∫

∫∫
∞

∞

∞−

∞

∞−

dssx
s

sss

dssx
s

sss
idssx

s

sss

π

ππ
 

                 

)(
4

)1(
4

)0(
4

cossin

)1(0

)1()(
4

cos
cossin

0

3

0

3

iprovesThis

fds
s

sss

getweequationinxPut

xfdssx
s

sss

ππ

π

π

==

=






 −

=

−−−−−−−=






 −

∫

∫

∞

∞

 

                         

)(
16

3

4

3

44

1
1

4

2

1

42
cos

cossin

)1(
2

1

0

3

iiprovesThis

fds
s

s

sss

getweequationinxPut

πππ

π

=







=








−=









=







 −

=

∫
∞

 

               Using Parseval’s identity, we have 

                               

∫

∫∫

∫∫

∫∫∫∫

∫∫

−+=

−=






 −

−=






 −

+−+=














 −

=

∞

−

∞

∞−

∞

−

−

∞−

∞

∞−

∞

∞−

∞

∞−

1

0

24

1

0

22

0

2

3

1

1

22

2

3

1

1

1

22

12

3

22

)21(2

)1(2
cossin16

)1(
cossin8

.0)1(.0
cossin2

2

|)(||)(|

dxxx

dxxds
s

sss

dxxds
s

sss

dxdxxdxds
s

sss

dxxfdssF

π

π

π

 

f (x) = 1 – x
2
 

f (0) = 1 – 0 = 1 

 

f (x) = 1 – x
2
 

f (
2

1
) = 1 – 

4

1
 = 

4

3
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MA 242303 – TRANSFORMS AND RANDOM PROCESSES 
 

       UNIT  III  –  Z  TRANSFORM 
 

PART – A 
 

1.  Define Z – transform of the sequence {f(n)}. 
Sol.  If f(n) is a causal sequence (i.e.) f(n) = 0 for n < 0, then the Z – transform is called  

        one sided (or) unilateral Z – transform of {f(n)} and is defined as 

              ∑
∞

=

−
==

0

)()()}({
n

n
znfzfnfZ  

 

2.  Find the Z – transform of  a
n
. 

Sol.       ∑
∞

=

−
=

0

}{
n

nnn
zaaZ  
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z

z
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z

a
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a

z

a
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a
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n

n
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
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

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+
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

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
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







=








=

−−

∞

=

∞

=

−

∑∑

11

32

00

1

.............1

 

 

 

3.  Find the value of Z{f(n)} where f(n) = na
n
. 

Sol.       [ ])(}{
nn

aZ
dz

d
zanZ −=  

                               

2

2

2

)(

)(

)(

)1()1)((

az

za

az

a
z
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zaz
z
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z

dz

d
z

−
=










−

−
−=










−

−−
−=








−
−=

 

 
 

4.  Find Z{f(n)} where f(n) = n for n = 0, 1, 2, ……… 

Sol.      ∑
∞

=

−
=

0

}{
n

n
znnZ  

                     

22

2

22

2

32

0

)()(

1

.............321

.............320

1

az

za

az

z

z

a

z

az

z

a

z

a

z

a

z

a

z

a

z

a

z

a

z

a

z

a

z
n

n

n

−
=

−
=








 −
=








−=












+








+







+=

+







+








+







+=









=

−−

∞

=

∑

 

 

 

............4321)1( 322
++++=−

− xxxx  

............1)1( 321
++++=−

− xxxx  
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5.  Find the Z – transform of (n + 2) 
Sol.  Z{n + 2} = Z(n) + Z(2) 

                        = 2

2

22 )1(

2

)1(

)1(2

1

2

)1( −

−
=

−

−+
=

−
+

− z

zz

z

zzz

z

z

z

z
 

 
 

6.  Find Z(1/n) 

Sol.    ∑
∞

=

−
=






1

11

n

n
z

nn
Z  

      










−
=








 −
−=









−−=

+++=

1
log

1
log

1
1log

..............
3

1

2

11
32

z

z

z

z

z

zzz

 

 

 

7.  Find the Z – transform of  3
n
. 

Sol.       ∑
∞

=

−
=

0

3}3{
n

nnn
zZ  

                        

3

33
1

.............
333

1

3

3

11

32

00

−
=








 −
=








−=

+







+








+







+=









=








=

−−

∞

=

∞

=

−

∑∑

z

z

z

z

z

zzz

z

z

n

n

n

n

 

 

 

8.  Find the Z – transform of (n + 1)(n + 2) 
Sol.  Z{(n + 1)(n + 2)} = Z{n

2
 + 3n + 2}  

                                     = Z(n
2
) + 3Z(n) + Z(2) 

                                     

3

3

3

2322

3

22

23

)1(

2

)1(

24233

)1(

)1(2)1(3

1

2

)1(

3

)1(

)1(

−
=

−

+−+−++
=

−

−+−++
=

−
+

−
+

−

+
=

z

z

z

zzzzzzz

z

zzzzzz

z

z

z

z

z

zz

 

 
 

9.  Find the Z – transform of  
2

sin
πn

 

Sol.   We have  22 cos2

sin
}sin{

rzrz

rz
nrZ n

+−
=

θ

θ
θ  

                         
12

sin
2

+
=





∴

z

zn
Z

π
 

 

 

 

..........
32

)1log(
32

+++=−−
xx

xx  
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10.  If )()}({),()}({
Tata

ezftfeZthenzftfZ ==
−

  

Sol.    ∑
∞

=

−−−
=

0

)()}({
n

nTnata zTnfetfeZ  

                                     

)(

)()(
0

Ta

nTa

n

zef

zeTnf

=

=
−

∞

=

∑
 

 
 

 

11.  Find Z[e 
–iat

] using Z – transform. 

Sol.         We have  
1

}1{
−

=
z

z
Z  

                  [ ] [ ]
1

)1(
−

==∴
−−

Tai

Tai
taitai

ez

ez
eZeZ

 

 

 

12.  If  







==

a

z
fnfaZthenzfnfZ

n )}({),()}({   

Sol.    ∑
∞

=

−
=

0

)()}({
n

nnn znfanfaZ  

                                   









=









=

−∞

=

∑

a

z
f

a

z
nf

n

n 0

)(

 

 

 

13.  Find the Z – transform of  







≥

=

otherwise

nfor
n

a

nf

n

0

0
!)(  

Sol.     ∑
∞

=

−
=

0

)()}({
n

n
znfnfZ ∑

∞

=

−
=

0 !n

n
n

z
n

a
 

                                             

za

n

n

n

n

e

z

a

z

a

z

a

z

a

n

a

z

n

/

32

0

0

...............
!3

1

!2

1

!1

1
1

!

1

!

1

=

+







+








+







+=









=









=

∑

∑
∞

=

∞

=

−

 

 

 

14.  Define the unit step sequence. Write its Z – transform. 
Sol.   U(n) is the unit step sequence defined by 

                   




<

≥
=

00

01
)(

nfor

nfor
nU  

                
1

)1()}({
−

==
z

z
ZnUZ

 

 

 

15.  State convolution theorem of Z – transform. 

Sol.    thenzgngZandzfnfZIf )()}({)()}({ ==   

                    )().()}()({ zgzfngnfZ =∗  
 
 
 

..........
!3!2!1

1
32

++++=
xxx

e x
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16.  State and prove initial value theorem in Z – transform. 

       Statement: If  == )0(),()}({ fthenzfnfZ
∞→z

lim )(zf  

       Proof.           ∑
∞

=

−
=

0

)()(
n

nznfzf  

                                           ..............
)3()2()1(

)0(
32

++++=
z

f

z

f

z

f
f  

                   
∞→z

lim )(zf  )0(f=  

 

 

17.  State final value theorem in Z – transform. 

Sol.   thenzfnfZIf )()}({ =  
∞→n

lim
 )]([ nf   =  

1

lim

→z
 )}()1{( zfz −  

 
 

 

 

18.  )0(,

4

3

4

1

2

1
)(

2

ffind

zzz

z
zFIf









−








−








−

=  

Sol.         =)0(f
∞→z

lim )(zf                                           [ )(zf  = F(z)] 

                        = 
∞→z

lim









−








−








−

4

3

4

1

2

1

2

zzz

z
 

                            = 
∞→z

lim









−








−








−

zzz
z

z

4

3
1

4

1
1

2

1
13

2

 

                            = 
∞→z

lim









−








−








−

zzz
z

4

3
1

4

1
1

2

1
1

1
 

                            = 0
1

=
∞

 

 

 

19.  Express Z{f(n + 1)} in terms of )(zf  

Sol.    We have  )()()}({
0

zfznfnfZ
n

n∑
∞

=

−
==  

              

)]0()([)}1({.).(

)0()(

)(

)(

)1()}1({

0

1

01

)1(

0

fzfznfZei

fzmfz

zmfz

zmf

znfnfZ

m

m

m

m

m

m

n

n

−=+









−=

=

=

+=+∴

∑

∑

∑

∑

∞

=

−

∞

=

−

∞

=−

−−

∞

=

−

 

 

20.  Form a difference equation by eliminating the arbitrary constant A from  yn = A.3
n
 

Sol.          
n

n Ay 3.=  

                 

03.).(

33.3

3.

1

1

1

=−

==

=

+

+

+

nn

n

n

n

n

yyei

yA

Ay

 

 

Put  n + 1 = m 

        n = m – 1  
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21.  Form a difference equation by eliminating arbitrary constant from 
12. +

=
n

n aU  

Sol.          
12. +

=
n

n aU  

                 

02.).(

22.2

2.

1

1

2

1

=−

==

=

+

+

+

+

nn

n

n

n

n

UUei

Ua

aU

 

 

 

22.  Form the difference equation from 
n

n bay 3.+=  

Sol.  Given  
n

n bay 3.+=  ------------- (1) 

                     
)2(3.3

3. 1

1

−−−−−−+=

+=
+

+

n

n

n

ba

bay
 

                     
)3(3.9

3. 2

2

−−−−−−+=

+=
+

+

n

n

n

ba

bay
 

            Eliminating a and b from equations (1), (2) and (3), we have 

                         0

91

31

11

2

1 =

+

+

n

n

n

y

y

y

 

                
034.).(

0)2()8()6(

12

21

=+−

=+−

++

++

nnn

nnn

yyyei

yyy
 

 
 

23.  Form the difference equation by eliminating the constants A and B from   

        
nn

n BAy 3.)2( +−=  

Sol.  Given  
nn

n BAy 3.)2( +−=  ------------- (1) 

                     
)2(3.3)2(2

3.)2( 11

1

−−−−−−+−−=

+−=
++

+

nn

nn

n

BA

BAy
 

                     
)3(3.9)2(4

3.)2( 22

2

−−−−−−+−=

+−=
++

+

nn

nn

n

BA

BAy
 

            Eliminating A and B from equations (1), (2) and (3), we have 

                         0

94

32

11

2

1 =−

+

+

n

n

n

y

y

y

 

                
06.).(

0)5()5()30(

12

21

=−−

=+−−

++

++

nnn

nnn

yyyei

yyy
 

 

 

24.  Find the difference equation generated by 
n

n bnay 2.+=  

Sol.  Given  
n

n bnay 2.+=  ------------- (1) 

                     
)2(2.2)1(

2.)1( 1

1

−−−−−−++=

++=
+

+

n

n

n

bna

bnay
 

                     
)3(2.4)2(

2.)2( 2

2

−−−−−−++=

++=
+

+

n

n

n

bna

bnay
 

            Eliminating a and b from equations (1), (2) and (3), we have 

                         0

42

21

1

2

1 =

+

+

+

+

ny

ny

ny

n

n

n
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02)23()1(.).(

0)1()23()2(

0)]1(2[)]2(4[)]2(2)1(4[

12

21

21

=+−−−

=−+−−

=+−++−−+−+

++

++

++

nnn

nnn

nnn

nyynynei

nynyny

nnynnynny

 

 

 

25.  Evaluate  






++

−

1072

1

zz

z
Z

 

Sol.    )5)(2(
)(

++
=

zz

z
zfLet  

                   
52)5)(2(

1)(

+
+

+
=

++
=

z

B

z

A

zzz

zf

 

 

                                      
)2()5(1 +++= zBzA  

                       

3

1

0)3(1,2

=⇒

+=−=

A

AgetwezPut

 

                       3

1

)3(01,5

−=⇒

−+=−=

B

BgetwezPut

 

                 [ ]

nn

z

z
Z

z

z
ZzfZ

z

z

z

z
zf

zzz

zf

)5(
3

1
)2(

3

1

53

1

23

1
)(

53

1

23

1
)(

5

3/1

2

3/1)(

111

−−−=








+
−






+
=∴

+
−

+
=

+

−
+

+
=

−−−  

 

26.  Does the Z – transform of n! exist? Justify your answer. 

Sol.      ∑
∞

=

−
=

0

!}!{
n

n
znnZ  

                          ..............
!3!2!1

1
32

++++=
zzz

 

            Thus the Z – transform of n! does not exist.  

 

27.  What advantage is gained when Z – transform is used to solve difference equation? 
Sol.  The role played by the Z – transform in the solution of difference equations corresponds to   

         that played by the Laplace transform in the solution of differential equations. 
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PART – B 

 

1.  Find the Z – transform of the sequences fn = (n + 1)(n + 2) and gn = n(n – 1) 
Sol.      Z{f(n)} = Z{(n + 1)(n + 2)} 

                          = Z{n
2
 + 3n + 2} 

                          = Z{n
2
} + 3Z{n} + Z(2) 

                         

3

3

3

2322

3

22

23

)1(

2

)1(

24233

)1(

)1(2)1(3

1

2

)1(

3

)1(

)1(

−
=

−

+−+−++
=

−

−+−++
=

−
+

−
+

−

+
=

z

z

z

zzzzzzz

z

zzzzzz

z

z

z

z

z

zz

 

 

 

              Z{g(n)} = Z{n(n – 1)} 

                          = Z{n
2
 – n} 

                          = Z{n
2
} – Z{n} 

                              

3

3

2

23

)1(

2

)1(

)1(

)1()1(

)1(

−
=

−

−−+
=

−
−

−

+
=

z

z

z

zzzz

z

z

z

zz

 

 

2.  Find the Z – transform }{)(}{)( nn
aniiai  

Sol.  (i) ∑
∞

=

−
=

0

}{
n

nnn
zaaZ  

                        

az

z

z

az

z

a

z

a

z

a

z

a

z

a

a

z

n

n

n

n

−
=








 −
=








−=

+







+








+







+=









=








=

−−

∞

=

∞

=

−

∑∑

11

32

00

1

.............1

 

            (ii)   [ ])(}{
nn

aZ
dz

d
zanZ −=  

                                    

2

2

2

)(

)(

)(

)1()1)((

az

za

az

a
z

az

zaz
z

az

z

dz

d
z

−
=










−

−
−=










−

−−
−=








−
−=
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3.  Find the Z – transform 
































2
cos}cos{,

2
sin,

2
cos,

1 π
π

ππ n
aandna

nn

n

nn
 

Sol.        (i)   ∑
∞

=

−
=






1

11

n

n
z

nn
Z  

                










−
=








 −
−=









−−=

+++=

1
log

1
log

1
1log

..............
3

1

2

11
32

z

z

z

z

z

zzz

 

 
 

                 

12
sin

12
cos

2
cos

cos2

sin
}sin{

cos2

)cos(
}cos{

,..
cos2

sin)cos(

sin)cos(

sin)cos(

]sin)cos][(sin)cos[(

]sin)cos[(

sin)cos(
}sincos{

)sin(cos
)}sin(cos{

}{

}){(

,

}{

)(

22

2

22

2

2222

22

222

+
=









+
=









+
=









⇒

+−
=

+−

−
=

+−

+−
=

+−

+−
=

+−−−

+−
=

−−
=+

+−
=+

−
=

−
=

=

−
=

z

zn
Zand

z

zn
Z

az

zn
aZ

rzrz

rz
nrZand

rzrz

rzz
nrZ

getwePIandPREquating
rzrz

rzirzz

rrz

rzirzz

rirzrirz

rirzz

rirz

z
nrinrZ

irz

z
ninrZ

erz

z
erZ

erz

z
erZ

getweeraput

az

z
aZ

thatknowWeii

n

nn

nn

n

i

nin

i

ni

i

n

ππ

π

θ

θ
θ

θ

θ
θ

θ

θθ

θθ

θθ

θθθθ

θθ

θθ
θθ

θθ
θθ

θ

θ

θ

θ

θ

 

              Now, 
az

z
aZaZnaZ nnnn

+
=−=−= }){(})1({}cos{ π   

 

4.  Find the Z – transform θθ naniinni
n sin)(cos)(  

Sol.  [ ])(cos}cos{ θθ nZ
dz

d
znnZ −=  

                                   








+−

−
−=

1cos2

cos
2

2

θ

θ

zz

zz

dz

d
z  
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








+−

+−
=










+−

−+−
−=










+−

+−−−++−
−=










+−

−−−−+−
−=

22

2

22

2

22

223223

22

22

)1cos2(

cos2cos

)1cos2(

cos2cos

)1cos2(

)cos2cos42()cos2cos2cos52(

)1cos2(

)cos22)(cos()cos2)(1cos2(

θ

θθ

θ

θθ

θ

θθθθθ

θ

θθθθ

zz

zz
z

zz

zz
z

zz

zzzzzzz
z

zz

zzzzzz
z

 

 

 

          [ ])sin(}sin{ θθ naZ
dz

d
znanZ

nn
−=   

                                       










+−

−−+−
−=










+−
−=

222

22

22

)cos2(

)cos22(sin)sin)(cos2(

cos2

sin

aazz

azazaaazz
z

aazz

az

dz

d
z

θ

θθθθ

θ

θ

 

                                       

222

22

222

32

222

22322

)cos2(

sin)(

)cos2(

sinsin

)cos2(

cossin2sin2sincossin2sin

aazz

azaz

aazz

aaz
z

aazz

azazaazaz
z

+−

−
=










+−

+−
−=










+−

+−+−
−=

θ

θ

θ

θθ

θ

θθθθθθθ

                                

 

 

5.  Find the Z – transform 







+









42
cos)(

4
sin)(

2 πππ n
ii

n
i  

Sol.  (i)  















−=

















4

2
cos1

2

1

4
sin 2 ππ n

Z
n

Z  

                                          










+
−

−
=

















−=

112

1

2
cos)1(

2

1

2

2

z

z

z

z

n
ZZ

π

 

 

 

          (ii)  





−=
















+

4
sin

2
sin

4
cos

2
cos

42
cos

ππππππ nn
Z

n
Z  

                                                  

1

)1(

2

1

112

1

2
sin

2
cos

2

1

2

1
.

2
sin

2

1
.

2
cos

2

22

2

+

−
=










+
−

+
=

















−







=









−=

z

zz

z

z

z

z

n
Z

n
Z

nn
Z

ππ

ππ
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6.  Find  Z{f(n)} if 





















 −
−









 +
=

nn

nf
2

51

2

15

5

1
)(  

Sol.         



































 −
−









 +
=

nn

ZnfZ
2

51

2

15

5

1
)}({  

                                  

1

444

52

5

2

)51(2525224

52

5

2

)51)(51()15(2)51(24

5252

5

2

)]51(2)][15(2[

)]15(2[)]51(2[

5

2

)51(2

2

)15(2

2

5

1

}2/)51{(}2/)15{(5

1

2

51

2

15

5

1

2

2

2

2

22

−−
=









−−
=









−+−−+−
=









−+++−−−

++−+−
=









−−+−

+−−−−
=










−−
−

+−
=










−−
−

+−
=




































 −
−






















 +
=

zz

z

zz

z

zzzzz

z

zzz

zzzzzz

zz

zzzz

z

z

z

z

z

z

z

z

ZZ

nn

 

 

7.  Find the Z – transform of   (i)  
)2)(1(

32

++

+

nn

n
    (ii)  

)1(

1

−nn
 

Sol.     (i)  
21)2)(1(

32

+
+

+
=

++

+

n

B

n

A

nn

n
 

 

                                 )1()2(32 +++=+ nBnAn  

                    1

0)1(1,1

=⇒
+=−=

A

AgetwenPut

 

                   
1

)1(01,2

=⇒
−+=−−=

B

BgetwenPut

 

                    )1(
2

1

1

1

)2)(1(

32

2

1

1

1

)2)(1(

32

−−−−−−






+
+






+
=









++

+

+
+

+
=

++

+

n
Z

n
Z

nn

n
Z

nnnn

n

  

                         







++++=

++++=

+
=






+
∑

∞

=

−

..............
4

1

3

1

2

11

..............
4

1

3

1

2

1
1

1

1

1

1

432

32

0

zzzz
z

zzz

z
nn

Z
n

n

 

 

                                          















−−=

z
z

1
1log

 

..........
32

)1log(
32

+++=−−
xx

xx  
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








−
=








 −
−=

1
log

1
log

z

z
z

z

z
z

 

                       

z
z

z
z

z
z

z
z

zz
z

zzz
z

zz

z
nn

Z
n

n

−








−
=

−






 −
−=









−







−−=







+++=

+++=

+
=






+
∑

∞

=

−

1
log

1
log

11
1log

..............
4

1

3

1

2

1

..............
4

1

3

1

2

1

2

1

2

1

2

2

2

432

2

2

0

 

                    Equation (1) becomes 

 

 

                  

z
z

z
zz

z
z

z
z

z

z
z

nn

n
Z

−








−
+=

−








−
+








−
=









++

+

1
log)1(

1
log

1
log

)2)(1(

32 2

 

 

 

 

          (ii)       
1)1(

1

−
+=

− n

B

n

A

nn
 

 

                              )()1(1 nBnA +−=  

                    1

0)1(1,0

−=⇒
+−==

A

AgetwenPut

 

                   
1

)1(01,1

=⇒
+==

B

BgetwenPut

 

                    )1(
1

11

)1(

1

1

11

)1(

1

−−−−−−






−
+





−=









−

−
+

−
=

−

n
Z

n
Z

nn
Z

nnnn
 

                    










−
=








 −
−=









−−=

+++=

=





∑

∞

=

−

1
log

1
log

1
1log

..............
3

1

2

11

11

32

1

z

z

z

z

z

zzz

z
nn

Z
n

n
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








−
=








 −
−=

















−−=







+++=

+++=

−
=






−
∑

∞

=

−

1
log

1

1
log

1

1
1log

1

..............
3

1

2

111

..............
3

1

2

11

1

1

1

1

32

432

2

z

z

z

z

z

z

zz

zzzz

zzz

z
nn

Z
n

n

 

                   Equation (1) becomes 

 
 

                  








 −







 −









−







 −
=










−








+−=










−
+








−
−=









−

z

z

z

z
or

z

z

z

z

z

z

z

z

z

zz

z

nn
Z

1
log

1
)(

1
log

1

1
log

1
1

1
log

1

1
log

)1(

1

 

 

8.  State and prove the second shifting theorem in Z – transform.  

     Statement:  )]0()([)}1({)()}({ fzfznfZthenzfnfZIf −=+=  

      Proof.        We have 

                     

)]0()([)}1({.).(

)0()(

)(

)(

)1()}1({

)()()}({

0

1

01

)1(

0

0

fzfznfZei

fzmfz

zmfz

zmf

znfnfZ

zfznfnfZ

m

m

m

m

m

m

n

n

n

n

−=+









−=

=

=

+=+∴

==

∑

∑

∑

∑

∑

∞

=

−

∞

=

−

∞

=−

−−

∞

=

−

∞

=

−

 

             Note: 

             

])1(............)2()1()0()([)}({

,

.)2()1()0()()}3({

)1()0()(

])1()0()([

)1()0()(

)()()}2({,

)1(21

233

22

12

0

12

2

2

02

)2(

−−−−

−

∞

=

−−

∞

=

−
∞

=−

−−

−−−−−−=+

−−−=+

−−=

−−=









−−=

==+

∑

∑∑

kk

m

m

m

m

m

m

zkfzfzffzfzknfZ

generalIn

onsoandzffzfzzfznfZ

zffzzfz

zffzfz

zffzmfz

zmfzzmfnfZSimilarly

 

 

 

 

Put  n + 1 = m 

        n = m – 1  
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9.  State and prove final value theorem in Z – transform.  

     Statement:  thenzfnfZIf )()}({ =  
∞→n

lim
 )]([ nf   =  

1

lim

→z
 )}()1{( zfz −  

      Proof.      By definition, 

                    

∑

∑

∑

∞

=

−

∞

=

−

∞

=

−

−+=−−

−+=−−

−+=−+

0

0

0

)]()1([)0()()1(.).(

)]()1([)()]0()([

)]()1([)}()1({

n

n

n

n

n

n

znfnffzzfzei

znfnfzffzzfz

znfnfnfnfZ

 

                   Taking limit as z→1 on both sides, we get 

                      
1

lim

→z
 )0()]()1[( fzfz −− ∑

∞

=

−+=
0

)]()1([
n

nfnf  

                          
1

lim

→z
 )0()]()1[( fzfz −−  = 

∞→n

lim
 )0()1([ ff −  

                                                                                           )1()2( ff −+  

                                                                                           )2()3( ff −+  

                                                                                           .................+  

                                                                                           )]()1( nfnf −++  

                                                                           = 
∞→n

lim
 )]0()1([ fnf −+  

                                                                           = 
∞→n

lim
 )0()]([ fnf −  

                           (i.e.)  
1

lim

→z
 )]()1[( zfz −  = 

∞→n

lim
 )]([ nf  

 

 

10.  State and prove convolution theorem in Z – transform.  

     Statement:  thenzgngZandzfnfZIf )()}({)()}({ ==  )().()}()({ zgzfngnfZ =∗   

      Proof.      We have  

                      ∑
∞

=

−
=

0

)()(
n

n
znfzf ,   ∑

∞

=

−
=

0

)()(
n

n
zngzg  

             ]..............)3()2()1()0([)().( 321
∞++++=

−−−
zfzfzffzgzf  ×    

                                                                            ]..............)3()2()1()0([ 321
∞++++

−−−
zgzgzgg  

                                
)}()({

)]0()(..........)2()2()1()1()()0([

)]0()(..........)2()2()1()1()()0([
0

ngnfZ

gnfngfngfngfZ

zgnfngfngfngf
n

n

∗=

++−+−+=

++−+−+=∑
∞

=

−
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11.  Find the inverse Z – transform of  
23

10
2

+− zz

z
 

Sol.       
)2)(1(

10
)(

−−
=

zz

z
zfLet  

                   
21)2)(1(

10)(

−
+

−
=

−−
=

z

B

z

A

zzz

zf

 

 

                                      
)1()2(10 −+−= zBzA  

                       10

0)1(10,1

−=⇒
+−==

A

AgetwezPut

 

                       
10

)1(010,2

=⇒
+==

B

BgetwezPut

 

                 
[ ]

n

nn

z

z
Z

z

z
ZzfZ

z

z

z

z
zf

zzz

zf

2.1010

)2(10)1(10

2
10

1
10)(

2

10

1

10
)(

2

10

1

10)(

111

+−=

+−=








−
+






−
−=∴

−
+

−

−
=

−
+

−

−
=

−−−

 

 

12.  Find  








−−

−

)2)(1(

1

zz

z
Z  

Sol.        
21)2)(1( −

+
−

=
−− z

B

z

A

zz

z

 

 

                           
)1()2( −+−= zBzAz  

                       1

0)1(1,1

−=⇒
+−==

A

AgetwezPut

 

                       
2

)1(02,2

=⇒
+==

B

BgetwezPut

 

                 

n

n

nn

z
Z

z
Z

zz

z
Z

zzzz

z

21

2

2
21

)2(2)1(

2

1
2

1

1

)2)(1(

2

2

1

1

)2)(1(

11

111

+−=

+−=

+−=








−
+






−
−=









−−
∴

−
+

−

−
=

−−

−−

−−−

 

 

13.  Find  








−−

−

)2()1( 2

3
1

zz

z
Z  using partial fraction method.  

Sol.     
)2()1(

)(
2

3

−−
=

zz

z
zfLet

 

                  2)1(1)2()1(

)(
22

2

−
+

−
+

−
=

−−
=

z

C

z

B

z

A

zz

z

z

zf
 

 

 

                                       
22 )1()2()2)(1( −+−+−−= zCzBzzAz  
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                             1

0)1(01,1

−=⇒
+−+==

B

BgetwezPut

 

                                 
4

)1(004,2

=⇒
++==

C

CgetwezPut
 

                            
3

41

1,. 2

−=⇒
+=

+=

A

A

CAzofCoeff

   

                        

n
n

z

z
Z

z

z
Z

z

z
ZzfZ

z

z

z

z

z

z
zf

zzzz

zf

2.43

2
4

)1(1
3)}({

2

4

)1(1

3
)(

2

4

)1(

1

1

3)(

1

2

111

2

2

+−−=








−
+








−
−






−
−=∴

−
+

−
−

−
−=

−
+

−

−
+

−

−
=

−−−−

 

 

14.  Find  








++

−

)4)(2( 2

2
1

zz

z
Z  by the method of partial fractions. 

Sol.     
)4)(2(

)(
2

2

++
=

zz

z
zfLet

 

                  42)4)(2(

)(
22

+

+
+

+
=

++
=

z

CzB

z

A

zz

z

z

zf
 

               )2)(()4( 2
++++= zCzBzAz  

                            

4

1

82

0)44(2,2

−=⇒

=−

++=−−=

A

A

AgetwezPut

 

                            

4

1
4

1
0

0,. 2

=⇒

+−=

+=

B

B

BAzofCoeff

 

                                

2

1

2

1
1

4

2
1

21,.

=−=⇒

+=

+=

C

C

CBzofCoeff

 

                     

2
sin2

4

1

2
cos2

4

1
)2(

4

1

4

2

4

1

44

1

24

1
)}({

42

1

44

1

24

1
)(

4

2/14/1

2

4/1)(

2

1

2

2
111

22

2

2

ππ nn

z

z
Z

z

z
Z

z

z
ZzfZ

z

z

z

z

z

z
zf

z

z

zz

zf

nnn
++−−=








+
+








+
+






+
−=∴

+
+

+
+

+
−=

+

+
+

+

−
=

−−−−   

 
 

(Bz + C)(z + 2) 

 Bz
2
 + 2Bz +Cz + 2C 

 



     KINGS ENGINEERING COLLEGE                               Transforms & Random Processes                             By M. Muralidharan               16 
 

 

15.  Find the inverse Z – transform of  
)1()1(

3
22

3

+−

+

zz

zz

 
  

Sol.      
)1()1(

3
)(

22

3

+−

+
=

zz

zz
zfLet

 

                  1)1(1)1()1(

3)(
2222

2

+

+
+

−
+

−
=

+−

+
=

z

DzC

z

B

z

A

zz

z

z

zf
 

               
2222 )1)(()1()1)(1(3 −+++++−=+ zDzCzBzzAz  

                            2

0)2(04,1

=⇒
++==

B

BgetwezPut

 

                                 

)1(0,. 3
−−−−−+= CAzofCoeff

 

                                 )2(12

221

21,. 2

−−−−−=−+

+−+−=

+−+−=

DCA

DCA

DCBAzofCoeff

 

                                 
0

200

20,.

=⇒
−=

−+=

D

D

DCAzofCoeff

 
                              (2) ⇒   A + 2C = 1 ---------- (3) 

                      (3) – (1) ⇒  C = 1 

                               (1) ⇒  A = –1   

 

 

                   

2
cos21

1)1(
2

1
)}({

1)1(

2

1
)(

1

0

)1(

2

1

1)(

2

2
1

2

111

2

2

2

22

πn
n

z

z
Z

z

z
Z

z

z
ZzfZ

z

z

z

z

z

z
zf

z

z

zzz

zf

++−=










+
+








−
+






−
−=∴

+
+

−
+

−

−
=

+

+
+

−
+

−

−
=

−−−−
 

 

16.  Find the inverse Z – transform of  
)4()2(

20
3

3

−−

−

zz

zz
 

Sol.    Let )()}({1
nfzfZ =

−
= sum of the residues of  









−−

− −1

3

3

.
)4()2(

20 n
z

zz

zz

 
at its poles.

         

                            
(i.e.) )(nf = sum of the residues of  









−−

−
+

)4()2(

20
3

2

zz

zz
nn

 
at its poles.

         
 

 

                                    4,2

0)4()2(

).(
3

1

=⇒
=−−

−

z

zz

arezzfofPoles n

          

                             z = 2 is the pole of order 3 

                      and z = 4 is the simple pole. 

             !2

1
)2(Re ==zs

2

lim

→z
 

















−−

−
−

+

)4()2(

20
)2(

3

2
3

2

2

zz

zz
z

zd

d
nn

 

                                    
2

1
=

2

lim

→z
 

















−

−
+

4

20
2

2

2

z

zz

zd

d
nn

 

A(z – 1)(z
2
 + 1) 

A(z
3
 – z

2
 + z – 1) 

 

(Cz + D)(z – 1)
2
 

(Cz + D)(z
2
 – 2z + 1) 

Cz
3
 – 2Cz

2
 + Dz

2
 + Cz – 2Dz + D 

 

[ using (1)] 
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2

1
=

2

lim

→z
 

















−

−−−+−
+−+

2

211

)4(

)1)(20(]20)2)[(4(

z

zzznznz

zd

d
nnnn

 

                                    
2

1
=

2

lim

→z
 

















−

++−+−++
−++

2

112

)4(

80)2(4)2020()1(

z

znznnznz

zd

d
nnnn

 

          
2

1
=

2

lim

→z


















−

−++−+−++−

−+++−+−+++−
−++

−−+

4

112

2112

)4(

)4(2}.80)2(4)2020()1({

})1(80)1)(2(4)2020()2)(1{()4(

z

zznznnznz

znnznnznnznnz
nnnn

nnnn

 

                            
2

1
=



















−

−++−+−++−

−+++−+−+++−

4

2

)2(

)2(2}.2402.2)2(4)2020(2)1(4.2{

}2)1(202)1)(2(42)1010(2.2)2)(1{()2(
nnnn

nnnn

nnnn

nnnnnnnn

 

                           
2

2.4 n

= 






 +−−+−++−+++−

16

401682020441010)23(2 22
nnnnnnnn

 

                           
2

2.4 n

= 






 +

16

48 2
n

 

                           
2

2n

= )12( 2
+n  

                == )4(Re zs
4

lim

→z
 

)4()2(

20
)4(

3

2

−−

−
−

+

zz

zz
z

nn

 

                                    =
4

lim

→z
 3

2

)2(

20

−

−
+

z

zz nn

 

                                    =  3

2

)2(

4204 nn
−

+

 

                                    

2

4

)2016(
8

4

n

n

−=

−=

 

                 

2

4
)12(

2

2

)4(Re)2(Re)(

2
nn

n

zszsnf

−+=

=+==∴

 

ALITER 

16.  Find the inverse Z – transform of  
)4()2(

20
3

3

−−

−

zz

zz
 

Sol.     
)4()2(

20
)(

3

3

−−

−
=

zz

zz
zfLet

 

                  4)2()2(2)4()2(

20)(
323

2

−
+

−
+

−
+

−
=

−−

−
=

z

D

z

C

z

B

z

A

zz

z

z

zf
 

          
322 )2()4()4)(2()4()2(20 −+−+−−+−−=− zDzCzzBzzAz  

                            8

0)2(0016,2

=⇒
+−++=−=

C

CgetwezPut

 

                                2

1

8

4

)2(0004,4 3

−=−=⇒

+++=−=

D

DgetwezPut
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2

1
2

1
0

0,. 3

=⇒

−=

+=

A

A

DAzofCoeff

 

                                 211
2

6

2

8
1

681,. 2

=⇒+−=

++−=

−+−=

BB

B

DBAzofCoeff

 

                   

2

4
2

2

2

42

1

)2(

42

22

1
)}({

42

1

)2(

42

22

1

42

1

)2(

8)2(2

22

1

42

1

)2(

8

)2(

2

22

1
)(

4

2/1

)2(

8

)2(

2

2

2/1)(

2

1

3

2
111

3

2

3

32

32

n
n

n

n

z

z
Z

z

zz
Z

z

z
ZzfZ

z

z

z

zz

z

z

z

z

z

zzz

z

z

z

z

z

z

z

z

z

z
zf

zzzzz

zf

−+=








−
−








−

+
+






−
=

−
−

−

+
+

−
=

−
−

−

+−
+

−
=

−
−

−
+

−
+

−
=

−

−
+

−
+

−
+

−
=

−−−−

 

 

17.  Find 








−+

+−−

2

2
1

)1)(1(

)2(

zz

zzz
Z

 
using residue method.   

Sol.   Let )()}({1 nfzfZ =
−

= sum of the residues of  








−+

+− −1

2

2

.
)1)(1(

)2( n
z

zz

zzz

 
at its poles.

         

                      
(i.e.) )(nf = sum of the residues of  









−+

+−
2

2

)1)(1(

)2(

zz

zzz
n

 
at its poles.

         
 

 

                                    1,1

0)1)(1(

).(
2

1

−=⇒
=−+

−

z

zz

arezzfofPoles n

          

                             z = –1 is the simple pole  

                      and z = 1 is the pole of order 2. 

              
=−= )1(Re zs

1

lim

−→z
 2

2

)1)(1(

)2(
)1(

−+

+−
+

zz

zzz
z

n

 

                                       =
1

lim

−→z
 2

2

)1(

)2(

−

+−

z

zzz n

 

                                       
n

n

)1(

4

)211()1(

−=

++−
=

 

                  
!1

1
)1(Re ==zs

1

lim

→z
 

















−+

+−
−

2

2
2

)1)(1(

)2(
)1(

zz

zzz
z

zd

d
n

 

                                      =
1

lim

→z
 

















+

+−

)1(

)2( 2

z

zzz

zd

d
n

 

D(z – 2)
3
 

D(z
3
 – 6z

2
 + 12z – 8) 

 

A(z – 2)
2
(z – 4) 

A(z
2
 – 4z + 4)(z – 4) 

A(z
3
 – 8z

2
 + 20z – 16) 

 

2

3

22
1

)(
na

az

zaza
Z

n
=









−

+−  
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                                      =
1

lim

→z
 









+

+−−+−+−+
−

2

212

)1(

)1)(2(}).2()12(){1(

z

zzzznzzzzz
nnn

 

                                      

n

n

n

=

−+
=








 −+
=

4

242

)2(

)1)(2(}).2(1){2(
2

 

 

 

                      
n

zszsnf
n

+−=

=+−==∴

)1(

)1(Re)1(Re)(
 

 

18.  Find the inverse Z – transform of  3)1(

)1(

−

+

z

zz

 
by residue method.  

Sol.    Let )()}({1 nfzfZ =
−

= sum of the residues of  








−

+ −1

3
.

)1(

)1( nz
z

zz

 
at its poles.

         

                      
(i.e.) )(nf = sum of the residues of  









−

+
3)1(

)1(

z

zz
n

 
at its poles.

         
 

 

                       
1

0)1(

).(
3

1

=⇒
=−

−

z

z

arezzfofPoles n

          

                         z = 1 is the pole of order 3. 

                   
!2

1
)1(Re ==zs

1

lim

→z
 

















−

+
−

3

3

2

2

)1(

)1(
)1(

z

zz
z

zd

d
n

 

                                          
2

1
=

1

lim

→z
 








+ )}1({

2

2

zz
zd

d n
 

                                          
2

1
=

1

lim

→z
 








++

− })1()1({ 1nn znzz
zd

d
 

                                          
2

1
=

1

lim

→z
 )]1()1).(1([ 121 −−−

+−++
nnn

znznznzn  

                                          

2

2 ]22[
2

1

])1(2[
2

1

n

nnnn

nnnn

=

+−+=

+−+=

 

                     2

)1(Re)(

n

zsnf

=

==∴
  

 

19.   Solve nnynyny =++++ )(4)1(4)2(  given that y(0) = 0, y(1) = 1 by using Z - transform. 

Sol.     Given  nnynyny =++++ )(4)1(4)2(  
          Taking Z – transform on both sides, we get  

                  

2

2

2

22

)1(
)(4}0)({4)}1(0)({

)1(
)(4)}0()({4)}1()0()({

)()]([4)]1([4)]2([

−
=+−+−−

−
=+−+−−

=++++

z

z
zyzyzzzyz

z

z
zyyzzyzyzyzzyz

nZnyZnyZnyZ

 

                                                                  z
z

z
zyzz +

−
=++

2

2

)1(
)()44(
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22

2

22

2

22

2

2

2
2

)2()1(

22

)2()1(

)1(1)(

)2()1(

)1(
)(

)1(

)1(
)()2(

+−

+−
=

+−

−+
=

+−

−+
=

−

−+
=+

zz

zz

zz

z

z

zy

zz

zzz
zy

z

zzz
zyz

 

                     

9

1

00)9(0221,1

)1()1)(2()2()2)(1(22

)2(2)1(1)2()1(

22

22222

2222

2

=⇒

+++=+−=

−+−+++++−=+−

+
+

+
+

−
+

−
=

+−

+−

B

BgetwezPut

zDzzCzBzzAzz

z

D

z

C

z

B

z

A

zz

zz

 

                        

9

10

)9(000244,2

=⇒

+++=++−=

D

DgetwezPut

 

                         )1(0,. 3
−−−−−+= CAzofCoeff  

                         

27

2
3

9

11
1

9

10

9

1
31

031,. 2

−=⇒=−

++=

+++=

AA

A

DBAzofCoeff

 

                                         

27

2
27

2
0)1(

=⇒

+−=⇒

C

C

 

                  










+

−
−






+
+








−
+






−
−=∴

+
+

+
+

−
+

−
−=

+
+

+
+

−
+

−

−
=

−−−−−

2

11

2

111

22

22

)2(

2

9

5

227

2

)1(9

1

127

2
)}({

)2(9

10

227

2

)1(9

1

127

2
)(

)2(

9/10

2

27/2

)1(

9/1

1

27/2)(

z

z
Z

z

z
Z

z

z
Z

z

z
ZzyZ

z

z

z

z

z

z

z

z
zy

zzzzz

zy

 

                                
nn

nnny )2.(
9

5
)2(

27

2
)(

9

1
)1(

27

2
)( −−−++−=  

                        (i.e.)  
nn

n
n

ny )2.(
9

5
)2(

27

2

927

2
)( −−−++−=

 
 

20.   Solve 
n

nnn uuu 296 12 =++
++  with  010 == uu  using Z - transform. 

Sol.           Given  
n

nnn uuu 296 12 =++
++  

          Taking Z – transform on both sides, we get  

                     

2
)(9}0)({6}00)({

2
)(9)}0()({6)}1()0()({

)2(][9][6][

2

22

12

−
=+−+−−

−
=+−+−−

=++
++

z

z
zuzuzzuz

z

z
zuuzzuzuzuzzuz

ZuZuZuZ n

nnn

 

A(z – 1)(z+2)
2
 

A(z – 1)(z
2
 + 4z + 4) 

A(z
3
 + 4z

2
 – z

2
 + 4z – 4z – 4) 

A(z
3
 + 3z

2
 – 4) 

 

C(z + 2)(z – 1)
2
 

C(z + 2)(z
2
 – 2z + 1) 

C(z
3
 – 2z

2
 + 2z

2
 + z – 4z + 2) 

C(z
3
 – 3z + 2) 
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2

2

2

2

)3)(2(

1)(

)3)(2(
)(

2
)()3(

2
)()96(

+−
=

+−
=

−
=+

−
=++

zzz

zu

zz

z
zu

z

z
zuz

z

z
zuzz

 

                          

22 )3(32)3)(2(

1

+
+

+
+

−
=

+− z

C

z

B

z

A

zz
 

                                           )2()3)(2()3(1 2
−++−++= zCzzBzA  

                           

25

1

00)5(1,2 2

=⇒

++==

A

AgetwezPut

 

                         5

1

)5(001,3

−=⇒

−++=−=

C

CgetwezPut

 

                                  

25

1

25

1
0
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−=⇒

+=

+=

B

B

BAzofCoeff

 

                   
nnn

n

n

nuei

z

z
Z

z

z
Z

z

z
ZzuZu

z

z

z

z

z

z
zu

zzzz

zu
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1
)3(
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1
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1
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)3(

3
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1
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1
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1
)}({

)3(5

1
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1
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1
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)3(

5/1

3

25/1

2

25/1)(

2

1111

2

2

−+−−=










+

−
+






+
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21.   Solve 
n

nnn uuu 22 12 =+−
++  with  1,2 10 == uu  using Z - transform. 

Sol.           Given  
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22.   Solve 
n

nnn yyy 334 12 =++
++  with  1,0 10 == yy  using Z - transform. 

Sol.           Given  
n

nnn yyy 334 12 =++
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          Taking Z – transform on both sides, we get  
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23.Using Z-transform solve 2,0)2(4)1(3)( ≥=−−−+ nnynyny given that 2)1(,3)0( −== yy  

Sol.    Changing n into n + 2 in the given equation, it becomes 

                              0,0)(4)1(3)2( ≥=−+++ nnynyny  
          Taking Z – transform on both sides, we get    
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24. Using Z-transform method solve  22 =+
+ nn yy

 
given that 010 == yy  

Sol.         Given  22 =+
+ nn yy  

           Taking Z – transform on both sides, we get  
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Problems for practice 
 

1.  Solve 36)(6)1(5)2( =++−+ nynyny  given that y(0) = y(1) = 0 by using Z - transform. 

2.  Using Z-transform method solve  kyyy kkk =++
++ 12 2

 
given that 010 == yy

 
3.  Solve 0)(4)1(4)2( =++−+ kykyky  given that y(0) = 1, y(1) = 0 by using Z - transform. 

4.  Solve 0)(2)1(3)3( =++−+ nynyny  given that y(0) = 4, y(1) = 0, y(2) = 8. 
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25.  Using convolution theorem, find the inverse Z – transform of  
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28.  Using convolution theorem, find the inverse Z – transform of  
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29.  Using convolution theorem, find the inverse Z – transform of  
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30.  Using convolution theorem, find the inverse Z – transform of  
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31.  Form the difference equation whose solution is 
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35.  Using convolution theorem, find the inverse Z – transform of  
)2()1( 2

2

−− zz

z
  

Sol.  








−−

−

)2()1( 2

2
1

zz

z
Z 









−−
=

−

2
.

)1( 2

1

z

z

z

z
Z

 

                                                 


















++








+







+








=




















++








+








+







+=









=

=

=

∗=∗=








−
∗









−
=

−

=

=

−

=

−

−−

∑

∑

∑

12

32

0

0

0

1

2

1

2

1
.........

2

1
3

2

1
21

2

1
2

2

1
.........

2

1
3

2

1
2

2

1
102

2

1
2

)2(2

)2(

2)2()1(

2)1(

n

n

n

n

n

r

r

n

n

r

rn

n

r

rn

nnn

n

n

r

r

r

nn

z

z
Z

z

z
Z

 

                                                

n

n

n

n

n

n

nnn

nnn

nn

n

nn

n

−−=




















−








−=

































−





















−=



























−









−

=



















−










−









−









−

=

22.2

2

1
2

2

1
44

2

2

2

1
2

2

1
14

2

2

2

1

2

1

4

1

2

1
1

2

2

2

1
1

2

1

2

1
1

2

1
1

2

2
2

 

 

 

 

 

 

 

 

 

 

 

 

x

xn

x

x
S

xn
x

x
Sx

xnxxxxxSS

xnxnxxxxS

xnxxxSLet

nn

n
n

nn

nn

n

−
−

−

−
=

−
−

−
=−

−+++++=−

+−++++=

+++++=

−

−

−

1)1(

1

1

1
)1(

...........1

)1(...........32

...........4321

2

132

132

132

 



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner



Scanned by CamScanner


