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OBJECTIVES:

e To make the student acquire sound knowledge of Laplace Transform techniques in solving ordinary
differential equations.

e To acquaint the student with Fourier transform techniques used in wide variety of situations.

¢ To introduce the effective mathematical tools for the solutions of partial differential equations that model
several physical processes and to develop Z transform techniques for discrete time systems.

¢ To introduce the basic concepts of random variables.

¢ To understand the basic concepts of random processes which are widely used in IT and electronics fields.

UNIT I LAPLACE TRANSFORMS 9+3
Existence conditions — Transforms of elementary functions — Basic properties — Change of Scale property and First
Shifting theorem — Inverse transforms — Partial fraction method — Convolution theorem based on Inverse Laplace
transform — Solution of linear second order ordinary differential equations with constant coefficients.

UNIT II FOURIER TRANSFORMS 9+3
Fourier transform pair — Fourier sine and cosine transforms pair — Properties of Fourier Transform — Transforms of
simple functions — Convolution theorem based on Inverse Fourier transform — Parseval’s identity of Fourier
transform.

UNIT IIT Z - TRANSFORMS AND DIFFERENCE EQUATIONS 9+3
Z-transforms - Elementary properties of Z-transforms — Formation of difference equation — Inverse Z-transform
using partial fraction — Convolution theorem based on Inverse Z-transform — Solution of difference equations using
Z - transform.

UNIT IV RANDOM VARIABLES 9+3
Concepts of Probability — The axioms of probability — Random Variables — Discrete and Continuous random
variables, Probability mass function and Probability density function — Cumulative Distribution Function - Moments
— Moment generating functions — Binomial, Poisson, Uniform and Exponential distributions.

UNIT V RANDOM PROCESSES 9+3
Classification of Random processes — Stationary process — Average values of Random processes (Mean and
Autocorrelation) - Wide sense stationary process — Markov process - Markov chain, Formation of transition
probability matrix, Classification of states of a Markov chain, Long run — limiting case, Markov diagram.

TOTAL: 60 PERIODS

OUTCOMES :

Upon successful completion of the course, students should be able to:

CO1: Solve Laplace transform and inverse transform of simple functions, properties, various related theorems and
application to differential equations with constant coefficients.

CO2: Understand the mathematical principles on Fourier transforms and partial differential equations would
provide them the ability to formulate and solve some of the physical problems of engineering.

CO3: Use the effective mathematical tools for the solutions of partial differential equations by using Z transform
techniques for discrete time systems.

CO4: Understand the fundamental knowledge of the concepts of probability and have knowledge of standard
distributions which can describe real life phenomenon.

COS: Understand the concept of random processes in engineering disciplines.
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MA 242303 Transforms & Random Processes
UNIT -1 Laplace Transform
Definition

If f(t) 1s a function of t defined for all t>0, then je " f(@) dt g defined as the
0

Laplace transform of f(t), provided the integral exists and it is denoted by
LI£)] (or) B(s). Ge) LLF 1= [e™ f()di = F(s)
0

Sufficient Condition for the existence of Laplace Transform
If the function f(t) defined for t>0 is

1) piecewise continuous in every finite interval in the range t>0
and 1i) of the exponential order, then L[f(t)] exists.

Note:
1) Laplace Transforms of all functions do not exist. For example, L[tan ] and

Lle" ] do not exist.
2) A function f(t) is said to be piecewise continuous in the finite interval
a <t <b, if the interval can be divided into a finite number of sub-intervals
such that
1) f(t) is continuous at every point inside each of the sub-intervals and
i1)  f(t) has finite limits as t approaches the end points of each sub-interval
from the interior of the sub-interval.
3) A function f(t) is said to be of the exponential order if ™ {e™ f(1)} = finite

t—> o0
Example: The function t* is of the exponential order.
t2

FOI‘, lim {e*sttZ}: lim

t—> o0 t>ew e
i 2t , o
= m > (Using L-Hospitals’ Rule)
[ — o se ’
i 2 o .
= lm BT, (Again, using L-Hospitals’ Rule)
t—o S €
2
= —=(
(o o]

= a finite number.
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Linearity Property
Llk f(t) £ kyg(O)]=k LLf ()] £ k, L[g(1)]

Proof. We have L[f(t)]z]ie_”f(t)dt
0

Lk f (@)  k,g()] = j Yk f (@) £ kyg(n)]dr

T f(0dt * k, j “o(t) dt
0

=k LLf(®)] ikzL[g(t)]

Laplace Transform Formulas

L L) =X, 520
h)

For, Llkl=[e™kdt =k [e™" dr = I{e”} L P
0 — 2 Jo

0 A) —-S
_i[o_l]zk
— S
2. L(e*") = , §>a e“"’:L
s—a o
2 Y —(s—a)t o ():1
FOI", L[eat]ZJ.e—xt eat dtzj.e—(x—a)t df — |: e :| e
0 0 —(s—a) 0
=;[e'°°—e°]
—(s—a)
-1 jo-n=!
—(s—a) s—a

3. L(e™™) = ! , s>—a
s+a

Lot o —(s+a)t *
For, Lle”"']= je_s’ e ' dt Zje_(5+“)’ dt = {—e }
0 0 —(s+a) |,
1
= |~ - eo]
—(s+a)
1 1

" Tera T
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4. L(sinhat) = —%—
S —a

For, L[sinhat]= L{Lze‘”} :% [L(e‘”) = L(e_“’)]
_l{ 11 }_l (s+a)—(s—a)
" 2ls—a s+al| 2 (s—a)s+a)

_l 2a _a
21 s —a? st —a’

5. L(coshat) =— > 5
s"—a

at —at
For, Licosh at]= L{%} :% L)+ L(e™)]

:l[ 1,1 }:l (s+a)+(s—a)
2|s—a s+al| 2| (s—a)s+a)

_l 2s _ s
21 s —a’ st —a’

6. L(sinat) =—; >
s"+a
. iat iat 1
For, Llsinat]=L[I.P.of ¢ ]=1.P.L[e'"|=1.P. .
s—ia
e’ =cos@+isin @ =1.P. ,S+m : }
| —~ +
cos@=R.P.of e’ :(S ia)(s +ia)
sin@=1.P. of ¢ _jp| St }: a
s°4+a’ | st+a’
7. L(cosat)=—; > >
s“+a
1

For, Licosat]=L[R.P. of ¢“1=R.P.L[¢'"]=R.P.——
S —1a

:RP_ s +ia
' '_(s—ia)(s+ia)

s +ia s

= R.P. =
_s2+a2} s’ +a’
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n!

8. L(t")=——>, s>0 & n>-1
S
T s "d 1 7 _
For, L[t”]=J.e ”t”dtzJ.e x(ﬁj L. nHJ.e *x" dx
0 0 \) S ) 0 Put st=x
sdt = dx
Gamma function = F(nn: D dt = dx/s
= = S
F(n)=J‘e_x 2" dx, F(n+1)=J‘e_x x" dx _ n!
0 0 - Sn+1
n! when n is integer
['(n+1)= ) )
nl'(n) when n is non—integer
X

n! i s i
— If nis mmteger
L(tn) = F(nnjl_ 1) = §
s nl'(n) . . X
—— If n is non—integer
S
= L(1) =i2, L(t%) =%, L(t) =£4, L") =2—? and so on.
s s s S
Problems
1. Find L(Jt)
) s e
Sol. L(\/;)ZL(tm)z oy = 3 =2 3/2
sE+ 52 >

2. Find L[%)

Sol. L(LJ =L(")= F(_;HJ _ FG) Nz _|%

Vi T
3. Find L")
{30) 32 i) 2 g
Sol. L(t""*)= 3, = 5 5 = 5 = e
s 2 5?2 s2 s2 >
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4. Find L(t* + 2t + 3)
Sol. L(t*+2t+3)=L(t*)+2L(t)+ L(3)
2 2 3 _2+25+3s

S3 S2 A S3

5. Find L(sin”2t)
Sol. L(sin®2t) = L(l_c—;s‘”j

%[L(l) — L(cos4r)]

_1{1_ s }_l s'+16-s" | 8
2ls s*+16] 2| s(s*+16) s(s*+16)
6. Find L(sin’ 2t)

Sol. L(sin’ 2t) = L[% sin 2t — i sin 6tj

3 1
=—L(sin2t) — — L(sin 6¢
2 ( ) 2 ( )

3] 2 if 6 1 3 3
_ZL%J—ZL%%}2(s2+4)_2(s2+36)
_3(s*+36)=3(s* +4)
25T +4)(s? +36)
. 108-12
T 2(s2 +4) (s +36)
~ 48
(5P +4)(s? +36)

7. Find L(sin 3tcost)

Sol. L(sin3tcost) = L[% (sin4t +sin 2t)} =—[L(sin4t)+ L(sin2¢)]

[\)|’—‘ N | —
1

4, 2 }
_s2+16 s +4
_4(s2+4)+2(s2+16)}

(s> +16)(s> +4)

652 +48 }
(s> +16)(s> +4)
357424
(52 H+16)(s2+4)

N | —

N | -
1 T
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8. Find L(cos2tcost)

Sol. L(cos2tcost)= L{% (cos3t+ cost)} =—[L(cos3t)+ L(cost)]

S n S
| 574+9 5741
[ s(s>+1)+s(s> +9)
(s> +9)(s* +1)
_ 1] 257 +10s
2| (s> +9)(s* +1)
_ s +5s
(s> +9)(s*+1)°

R = = N

0 when 0<t<?2
9. Find L[f(t)] where f(t)=
3 when t>2

e -2
:O+3{e } _ 3 [e_oo_e_zs]:i[o_e—zs]:3e
2

-8 -8 S
(t—1)° when t>1

10. Find L h =
in [f ()] where (1) { 0 when t<l1

Sol. L[ f(t)]= Te‘”f(t) dt
0
= je‘”.Odt +Te‘”(t ~1)*dt
0 1

=0+Tu—n%”Wz
={a—4f[eer—za—i{%:tJ+2[es;I
— S S — S |
={un-{o-o+2e;}}=2is
- S '
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Home Work

1. Find L(cos’3t) 2. Find L(cos’ 4t) 3. Find L(cos5tcos2t)
4. Find L(sin2tsint) 5. Find L(cos3tsint)

-1

hen 0<i<4
6. Find LLf(1)] where f(y=4¢ "M U=IS
0 when t>4

sint when 0<t<rx

7. Find L[f(t)] where f(t) :{

0O when t>rx

Laplace Transform of Derivatives
1. Prove that L[f'(1)] = s L[ f ()] - f(0)

oo

Proof. We have L[ f(t)]::e‘” f(t)dt

0

oo

LI O1= e f @y dr

0

e @k - [ @ e sya

oo

=[0— f(O)]+s[e™ f(t)dt

0

=—f(O)+sL[f()]
=sL[f®]- f(0)
2. Prove that L[ f” ()] = s> L[ f ()] - sf (0) = £’(0)

Proof. We have L[f(t)]= j e (1) dt
0
S LU 01= e wr
:[e—S

FOL [ 0 e sy

=[0— f/(O)]+s e f'(t) dt

=—f(0)+sLLf'(1)]
=sLLf'()]- f(0)

= s{sLLf (1) = f(0)} = f'(0)
= s’LLf(1)—s f(0)— f7(0)
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Similarly , LLf”(t)] = s LLf ()] — s f(0)—s £'(0)— f”(0)

In general

LIF" O] =s"LIF@O]=s""f(0)=s"7 £/(0)—5"f"(0) ... — £7(0)

Laplace Transform of some special functions
Unit step function

The function f(t)= {

0 when t<a

1 when t>a

where a > 0 is called Heavyside’s Unit step function and is denoted by u,(t) or u(t — a).
0 when t<0

In particular, u,(t)=
P () {1 when t>0

Now, Llu,(H)]=|e " 'u,(t)dt

e’.0dt + J' e’ 1dt

a

=OJ{€ }
_Sa

:L[O—e_as] =
— S

|
I

—as

e

S
0

In particular, Llu,(t)]= e 1
s S

Unit impulse function or Dirace Delta function

The function J,(t) (or) O(t—a) = hli:lo £

1
— h <t<a+h
where f(t) is defined by f(t)=1h when 4 .

0 otherwise

is called Unit impulse function or Dirace Delta function.
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Now, S, 1=1] "™ fiol= "™ Lirm
M N O I )

In particular, L[J,(1)]

]

lim j _stf(t) di
= e
h—0

0

llm a+h

=he0£

e

stldl,
h

. a+h
B Im | 1( e
_h—ﬂih(—sl }

N
. lim |
h—0

lim [

h—0
_,, lim
e

h—0

hm e—s(a+h) _e—sa
—sh

1 _ e—sh
sh

A

e (—s)}

(by L-Hospitals’ Rule)
—sh

Ze—as (1) =e—as

=’ =1

Properties of Laplace Transform

1. Change of Scale property

1 .
If L[f(t)] = F(s), Prove that (i) L[f(at)] =;F(§j (if) L{f (éﬂ =aF(as)

oo

Proof. We have LLf (D]=[e™" f(t)d1 = F(s)

0

oo

(i) Lif(an]=[e™ flat)ds

oo oo

put at =u=adt=du

=lje_:‘uf(u) du =lje_itf(t) dt =1F(i)
a a a

0 aO
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i s[5 =fe o[ a

e
0
o —=dt=adu
J
0

e’ f(u) adu

= j-s”f(u) du—aj ~@ L1y dt = aF (as)

0

2. First Shifting property
If L[f(t)] = F(s), Prove that (i) L[e ™ f(t)]=F(s+a) (i) Lle" f(t)]=F(s—a)

Proof. We have LLf(D)]=|e™ f(t)dt = F(s)

(i) Llef(1)] e f (1) dt =Te_(”“)’f(t) dt = F(s+a)

0

]

el (1) dt =je'“'a“f(t) dt = F(s—a)

0

||
O"_DS O'—.X o'—.8

(i) Lle”f(1)]

3. Second Shifting property
If L[f(t)] = F(s), Prove that L[f(t—a)u,(t)]=e * F(s) where ‘a’is a
positive constant and u,(t) is the unit step function.

Proof. We have LI/ (D]= je‘”f(t) dt = F(s)
Lf(t-ayu,0O]= [ ft—a)u, () dt

e_”f(t—a).Odt+Te_”f(t—a).1dt

I
O m— Y o

dt =dx
Whent=a, x=0

t=00, X=

= 0 +[e”" f(t-a) dt Put t-a=x

— Te“‘(“a)f(x) dx

0

= e‘“]ie_”f(x) dx = e_‘”Te_‘"f(t) dt = e F(s)

0
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Problems
1. Find L(e " cos2t)
S
Sol. L(cos2t)=—;
s*+4
s+1 s+1

- L(e™"cos2t) =

= (Using First shifting property)
(s+1)>+4 s*+2s5s+5

2. Find L(e* sinh3¢)
3

s2 =9

Sol. L(sinh 3t) =

s—2 s5=2
(s=2)*-9 s’—4s-5
3. Find the Laplace transform of sintu,(t), where u, (t) is the unit step

function .

Sol. L[sintu, (t)]=L[sin(t -7+ 7).u,(t)]
=—L[sin(t = 7).u ()]
=—¢ " L(sint)

. L(e*' sinh 3f) =

(Using First shifting property)

(Using second shifting property)
=TS

e

s?+1

Home Work

1. Find L(e’'sint)

2. Find L(e™* cosh 3t)

3. Find L(sinh 3tcos’t)

4. Find L(e * sin 3tcos 2t)

’ 1
Theorem: Prove that L {J.f () df} :;L[f ()]
0

Proof.  Let [ f(t)dt=F(t). Then F'(t)=f(t) and f(0)=0
0

We have L[F’(t)]=sL[F(t)]— F(0)

L[f(t)]zsL{[f(t)dt}—O
0

(ie) L{ [ dr} = LI

11
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Theorem:

If LIf(O]=F(s) then L [tf(t)]=—%F(S) (or) —%L[f(t)]-DeduceL[t"f(t)]

Proof. By definition, F(s)= ]:e_‘"f(t) dt =L[f ()]

d T —st
EF(S)——J‘e f()dt
—F(s = j [ f()d
0
T () f () dt
0

— et f0ydt =Ll £ )

0

(ie) LIt ()] = -2 F(s)
ds

To find L[t"f(1)]
L[ f(t)]=Llt.tf ()]

:—iL[rﬂz)]

d
——g _XL[f(t)]
LI f ()] = (- 1)2d—L[f(t)]

Similarly, L[’ f(t)]=(-1)’ d—L[f(t)]

Proceeding like this, we get

L[t"f(D)]=
Theorem:

If LIf(t)|=F(s)and if m has a limit as t — 0,then

L [M} = T F(s)ds (or) jL[ f()]ds
t R R
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Proof. By definition, F(s)= Te_‘"f(t) dt =L[f ()]

Note:

[f (t)

Problems
1.

TF(s)ds = ]?]ie_”f(t)dtds

T °

[ ds} £ dt ZTFJ £t

TF(S) ds - e_t } f(t)dt

o f(t) f@ {f(t)}

[l
O'—a8 Ct— 3 O—— 8§
)

t

} j j F(s)dsds (or) j j LLf()]dsds

Find L(te ")

ds ds\s+a (s+a) (s+a)

2. Find L(t*e™")

Sol. L(t*e") =

3. Find L(te”’

Sol. L(te™’

2
1P L)
_d_z(lj_i -1 (=2 2
ds*\s+3 ds| (s+3)* (s+3) (s+3)°
sint)
: d P
sint)=——»L(e 'sint)
ds L(sint) =
d 1 s*+1
- ds(s2+2s+2j L(e”sint):;z
s+ +1
| —(@2s+2) 1
(s +2s5s+2)° st 42542

2s +1)

T (7425 +2)°

13
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t
4. Find the Laplace transform of e_tj‘tcostdt
0
Sol. L{e’jtcostdt}:?
0

L J.tcostdt :lL(tcos 1)
) s

= l[— diL(cos t)}

S \)

__i'i( s ]
s|ds\s®+1

__l—(52+1)-1—S(25) _ 1 ﬂ
) s (5T +D)?

sl (s7+1)°

] _L st
(i.e.) Lhtcostdt} = S{(SZ+1)2}
.-,L{e’jtcostdt}= : { (s+1)2 _12}
! s+1|{(s+1)" +1}
3 s+ 2s
s+ D(s? 25+ 2)°

cosat

5. Does Laplace transform of exist ? Justify.

Sol. limm — lim

cosat cosO 1
-0t =0 f = 0 _()

=0

cosat

Hence L[ } does not exists.

o
6. Find L(l : J

-2
|

t

Sol. L( j = TL(I —e™)ds = T lL) - L(e™)]as

Tl 1
:![;_SJFZ}ZS




KINGS ENGINEERING COLLEGE Transforms & Random Processes Dr. M. Muralidharan

=[log s —log(s + 2)["

-ms(z5)]
o 22| ={es(1+3]]

=—| log(1+0) — log(

__ 0—10g s+2

(log1=0)

(s+2}
=log
s

7. Find L{e” [ 3 dt}

o I

Sol. L{ [ 3 dt} 1 L( sin 3 j _1 [ L(sin3r)ds
S

.t s t

c 2
8. Find L{SH; t}

) oo ) .
Sol. L{sm t} =IL(sin2 t)dszJ.L(l costhdS
t g g 2
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A=

1

9. Find L[t* 2'].
Sol. L[?2']= (- 1) L[2]

d2

Transforms & Random Processes

N | =
I 1

1

N | =
I

Dr. M. Muralidharan 16

%T [L(1) — L(cos 2t)]ds

_![__

}ds
s* +4

log s —%log(s2 + 4)}

1 (o]
—logs® ——log(s*> +4
5 g > g( )l

_10 s” °°
i g s> +4 )
1 s’ +4
4 g s?

=cls

2
ds* ds

d

il _—1
(s—10g2)2

1
2| s—log2

2

- (s —10g2)3 '

10. Find L(Sh;‘”)

Sol. L(smatj J. L(sinat)ds —J.

2 dS =a |:l tan_l (iji|
a al,
=tan ' (c0) —tan (i)
a

T _1( sj
=——tan | —

2 a
= cot_l( il )

a
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—at —-bt
11. Find L[i}
t

e—at_e—bt 0 . 0 1 1
Sol. L| —— |=|L(e" —eds= — ds
{ t -!. ( ) I s+a s+b

N

=[log(s +a)—log(s +b)[

o z2)]

(s+b}
=log .
s+a
12. Find L{e_—cosm}
t
e’ —cosht | 7 o1 s
Sol. L| ————— |=| L(e" —cosbht)ds= — ds
{ t } -!‘ ( ) '!.(s—a s2+b2j

=|log(s —a) —%log(s2 + bz)}

1 2 1 2 2
=|—log(s—a)  ——log(s” +b
5 g( ) 5 g( )}

1 (=]
_Z{IOg[s2+b2 H

1 (s2+b2j
= —log >
2 (s—a)
NTT - L cos«/;
13. If L[sin+/t]= e * Find L
f [ ] 2s3/2 J;

CoS/t d
Sol. L =2L —sinx/;
{ Vi } e

= ofs Lhsin Vi |- 7))
=2 s.—ﬁ e_‘:s—() =s. Jx e_‘:s z\/E e_“ls
L s\/; P

17
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Home Work
1. Find L(tsin at) 2. Find L(tcos?2t) 3. Find L(t*sin 5t)
4. Find L(tcos’t) 5. Find L(te'cost) 6. Find L(te * sin3t)

7. Find L(t*¢ > sin2t) 8. Find L(t*¢* cos2t) 9. Find L(sin 2t — 2t cos 2t)

10. Find L(tcoshtsin2¢) 1l. Find L{J‘te’ sin ¢ dt} 12. Find L(l_jOStj
0

-t _ =2t i -3t .
13. Find L] &——¢ ] 14. Find L(COSZI cos 3t ) 15. Find L(—e $in 21 ]
t t t

t

18. Find Lﬂt je"” cos3tdt}+sm5t}
t

0

16. Find L 1‘?“) 17. Find L{e’j%ﬂt dt}
0

Using Laplace Transform we can evaluate certain integrals
Problems

oo

1. Using Laplace transform evaluate je_Zt sin 3tdt
0

Sol. By definition, j e " sin 3tdt = L (sin 3t)
0

3
s*+9
put s =2, we get
[ sin3tdr = R
0 2°+9 13

T
2. Using Laplace transform evaluate [ 1e™" sin 2edr
0

Sol. By definition, |fe ' sin2tdt = L(tsin2¢)
0

_ — i L[sin2¢]
ds
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-4
ds \ s> +4

-2
= —="02
{@2+4f S}

s
(s*+4)%
put s = 3, we get
_[te‘3fsin2tdt: 4G) ~ = 12
9+4) 169

0
. < -2t Sil’lzl‘
3. Using Laplace transform evaluate j ¢ ;
0

[=S) .2 ) oo
_gsin“r [sinTr | .
Sol. By definition, j ¢ ; df—L{ 5 J—J.L(sm 1)ds
0

dt

N

log s —%log(s2 + 4)}

1 1 ©
—logs® ——log(s* +4
> g 5 g( )l

—l_lo s °°
4_ 8 s*+4 )
—llo s> +4
4 g 52
put s =2, we get

o .2
je‘zt SALLIY M llog(ﬂ) = llog 2.
) ‘ 4 4 ) 3

19
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© —t -2t
e —e
—dt
t

0

4. Using Laplace transform evaluate

oo e’ _e—2t e’ _e—2t oo 5
Sol. By definition, Ie ) fdt = L(—j = JL(e —e 7)ds
0

Home Work
1. Evaluate Ite‘” cost dt 2. Evaluate je Sin 7 dt
t
0 0
o —3z_ —61
3. Evaluate Iudt
t

0

Initial value theorem

If L[f(t)] = F(s) then 1M f(1)=1lim sF(s)

Proof. We have L[f'()]1=sL[f(t)]- f(0)
=sF(s)— f(0)

Taking limits on both sides as § — o, we get
lim[sF(s)— f(0)]=lmL[f'(#)]

fe o]

=lim| e f(¢)dt

=0
liIE sF(s)=f(0)
(i.e.) lilg sF(s)= ltirglf(t)

20
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Final value theorem

If L[f(t)] = F(s) then 1M f (1) =limsF(s)

Proof. We have L[f'(1)]=sL[f(t)]- f(0)
=sF(s)— f(0)

Taking limits on both sides as s — 0, we get
lim{sF(s) - f(O)]=lmL[f ‘(0]

= lsiigofe‘”f’(z)dt
= ]o () dt

=[rol
= lim sF(s) = £ (0) = f () = f (0)
(i.e.) ling sF(s)= 1irg f()

Problems

Dr. M. Muralidharan 21

1. Verify initial and final value theorem for f(t) =1 + ¢! (sint + cost).

Sol. Given f(t) =1 + ¢ (sint + cost)
F(s) = L[f(t)] = L[1 + e (sint + cost)]
F(s)=L()+ L(e "sint)+ L(e”" cost)

1 1 +1
F(s)=—+— TR
S s T+2s+2 sT+2s+2
+1
SF(s5)= 14 —5———+ ;(S )
STH+2s+2 sT+2s+2

lim £ () =lim(1+ ¢~ sint+e~' cost)
t—0 t—0

=1+0+1=2
+1
lim sF(s)=1im[1+ . RChD }
§—re0 § o0 §T+25+2  sT+2s5+2
—tim |14+ 1 I+1/s
s s+242/s 142/5+2/ 57
=1+0+1=2

linolf(t) =limsF'(s)

Hence initial value theorem is verified.

|

L(sint) =
( ) s +1
. 1
L(e s1nt):—2
(s+1)"+1
_ 1
s 42542
K
L(cost) =
( ) st+1
L(e”" cost) = s—+21
(s+1)" +1
_ s+1
sP+25+2
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Now, lim f(t)=lim (1+e ' sint+e~ cost)
[—o0

t—oo
=1+0+0=1
+1
limsF(s)zlim{H 4 ZS(S ) }
s—0 s=0 §TH+25+2  sT+2s5+2
=1+0+0=1
- lim £(t) =lim sF(s)
t—o0 s—0

Hence final value theorem is verified.

2. Verify the initial value theorem for the function f(t) =1 + e 2

Sol. Givenf(t)y=1+¢ *"
F(s) = L[f()] = L[1 + e *"]
F(s)=L(1)+ L(e™)

1 1
F(s)=—+
(5) s s+2
s
sF(s)=1+
s+2

lim £ (7) =lim(1+e~ ")
t—0 t—0

=1+1=2

lim sF(s) = lim {1+ > }
s+2

§—>00 §—>00

= lim|1+ !
s o0 1+2/s
=1+1=2
s lim f(¢) = lim sF(s)
t—0

§—>00

Hence initial value theorem is verified.

Home Work
1. Verify initial and final value theorem for f(¢) = t*e”!
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Periodic function
A function f(t) is said to be a periodic function, if there exists a constant P( > 0)
such that f(t + P) = f(t) for all values of t. The least value of P is called the period
of the function.
Example: (1) f(t) = sint

=sin2n+t)=sin(dn+t)=.......
The function has periods 2, 4n, etc. However 2m is the least value and therefore
2m 1s the period of sint.

(i1) f(t) = cost

=cos2n+t)=cos(dn+t)=.......
The function has periods 2, 4n, etc. However 2x is the least value and therefore
27 1s the period of cost.

(i11) f(t) = tant

=tan(m+t)=tan2u +t)=.......
The function has periods «t, 27w, etc. However = is the least value and therefore
7 is the period of tant.

@iv) f(t) =Isint|

=lsin(r+t)I=lsin2r+1t)lI=.......
The function has periods mt, 27w, etc. However = is the least value and therefore
7 is the period of | sint |.

Laplace transform of f(t) which is periodic with period ‘p’ is

|
LIf (D)= ——[e™ f(t)dt
l—e " ¢
Problems
I. Find the Laplace transform of the square wave given by
E, 0<t< %
f)= - and f(t+T)= f(1)
-k, 5 <t<T

Sol. The given function is periodic with period ‘T’.

I_TS .T[e‘” f()dt

=L f ()] =
l—e"" 3
1 T/2 T
=—| [ Edt+ [e' (~E)at
l-e 0 T/2
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EESA

[(e—sT/z —1)—(e7 _e—sT/Z)]

—st

E e

= 1_ e—TS

)
E
_EQRe™—1-¢7T)
—s(1—e™)
_E1-2e""7 467
s(1—e )
E(l_e—sT/Z)Z
T (=T 1+ T

—sT/2 x
= —E(l _ e—sT/Z ) tanh(fj = ex !
s(+e"?) 2) e+l
1
El1l-——+
( eST/Zj E(eST/Z _1) E (ST)
— = —— =—tanh| —
| 1 st +1) s 4
S| 1+ e

2. Find the Laplace transform of the ‘meoander function’ defined as f(t) = 1

a
when0<t<5

so that f(t + a) = f(t) for t > 0.

Sol. The given function is periodic with period ‘a’.

and f(t) = -1 when % <t<a and f(t) is periodic with period ‘a’

I ¢ _
L O)=—— [ f(dt
1-e 0
1 ‘a/z_st a
=——| [e"di+ [e™" (=Dt
l-e ™ | o al2
B al?2 a
B 1 e—st _ e—st
l—e_“s_ -5 ), =5 ) .,
— 1 [(e—sa/2 _1) _ (e—sa _ e—sa/2)]
—s(1—e™)

ze—sa/Q _1_ e—sa

T (-
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B 1_2 —sal2 +e
s(I—e™)
B (l_e—sa/2)2
S(l_e—as/Z)(l_l_e—sa/2) tanh(fj:ex_l
2) e"+1

(1_e—sa/2) B ( sal?2 1)
s(l+e7*)  s(e™ +1)

= l tanh( 5d ]
s 4

3. Prove that the Laplace transform of the rectangular wave of period 2n
defined by

F(r) = O0<t<rm@ . 1‘[ NER
1§ —tlan e
27z t, T<t<2w §2 2 /-

Sol. The given function is periodic with period ‘27’.

2r

A LLF ()] e; [ f oyt

1 7Z'
=————|[e " rdr+ je S —1)dt
- L 0

T

(Sl A (5]
e[ s )

B 1 e—ﬂ's . e—27rv
1— —27H 2 S2 S2

1_8—2753 ' S2
(l_e—ﬂ'S)z

s2(l—e ™)1 +e™)

- o) D L (22

S214e™Y  s2(e™ 1) 2
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4. Find the Laplace transform of | sint I.

Sol. = is the period of | sint |. The given function is a periodic function with

period ‘mw’

S LLFO)=-—

V4

— j e f(r)dt

0

1 T
Je_” | sint | dt

“Isintdt

1 e

-7s 2

B +1

1 B e—sﬂ'
0+1)p—
l—e™ _{sz+1( )} {sz

1 e +1

Cl-e™ sP+1

1 " +1

(P +) e -1

1 TS
=— coth| —
(s”+1) ( 2 ]

(—s.sint —l.cost)}

Dr. M. Muralidharan

T

0

ool

5. Find the Laplace transform of f(t) if f(t) =¢', 0 <t < 2m.
Sol. The given function is a periodic function with period ‘2x’.

SLFO)=
0

2r
—st

—27s

—27[ s

j el dt

e—(s l)tdlL

0
ZJZ[
0
o 2z
—27[5 |: (S 1)j|
-1

(I=e™)(s=1)

1= ¢ 270D

T (s—D—e )

[e (s-1)27 _1]

26
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6. Find the Laplace transform of the function given by

g o<l

ro=1 T 2 and FG+T)= F Q).

3E—@ ZStST
T 2

Sol. The given function is periodic with period ‘T ’.

INIGIE ‘”f (t)dt

T/2 T
_ _ 4Et
{ _[ e St ——Ejdt+ f e ”( E——jdt}
0 T/2 T
—Sl‘ — St riz
4Et B 4F \ e
T ) T 52
0
T
N 3E_4Et e _[—4E e
T —s T 52
T/2
_ 1 (—Ee_sT/z_ét_Ee_sT/zj_(g_ét_Ej
1—e s s Ts? s Ts?
+ (Ee—sT+4_E26—STJ_(ie—sT/2+4_E26—ST/2j
s Ts ) Ts

— 1 4E _E_ 8E —sT/2+£e—sT+4_Ee—sT:|
Cl—e T | Ts> s Ts® s Ts®
- pli-2e )2 e )
_ 1 4E 5T /2 2_E —sT
_1_e {Tsz (1 e ) S(l e )}
4E(1_e—sT/2)2 E
Ts*(1—e15) s
_ 4E(1 e*m)2 E
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2
7. Find the Laplace transform of the function f(t) with period 77[ for

sinwt, O<t<rm/w
f@=
0, wlw<t<2xlw

2
Sol. The given function is periodic with period 77[ .

27wlw

.al{f(n]=1 [e™ f(o)dt
- 0

e—27rs/w

1 a 27/ w
=7 je—“_sin wt dt + Ie—st 0)dt
e 0 wlw

wlw
1 s

_t .
l_m _[e .sin wt dt

1 e—Sl

= (—s.sin wt —w.cos wt)
l_e—Zﬂs/w S2+W2

lw

0

1 i e—S]Z'/W 1
= 0+w) b — 0—w)
|— g 27slw {52 2 } {Sz 2 }]

1 w+ we 7V

l_e—Zﬂs/w

2 2
ST+w

w(l+e 7™

- (S2 +w2)(1+e—sﬂ'/W)(1_e—Sﬂ'/W)

w

- (SZ +W2)(1_e—7rs/w) ’

Home Work
1. Find the Laplace transform of the rectangular wave given by

)= 1, 0<t<b
-1, b<t<2b
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Inverse Laplace Transform

1. Lk)= k = L‘l(ﬁj =k
S S

2. L") = ! :L‘l{ ! }e‘”

S—da

s+a

3. L(e™*) = ! :L‘l{ ! }ze‘m

4. L(sinhat) = —"— :L‘l[ _— 2}=sinhat

s’ —a s’ —a
1 sinh at
-1 _
=L |: 2 2:|_
s’ —a a
s A s
5. L(coshat)=——— =L >— | = coshar
s’ —a s’ —a
. I Y A
6. L(sinat)=——— =L'|—— |=sinat
s*+a s’ +a’ |
1 ] sinat
-1 _
=L 2 2 |
s’ +a a
7. L(cosat)=——— =L'|5——|=cosat
s+a s°+a

| |
8. L(t")=— :L‘l{ ”'}:t"

n+l

s
:)L_1|: 1+1:|:t_
s" n!
1
n=1 2[:1 — =1
S
2
n=2 :L‘l[i}}zt
s

Dr. M. Muralidharan
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Type — 1

If L[f(t)] =F(s), then L [e_‘”f(t)] =F(s+a) (by First shifting property)

=L '[F(s+a)]=ef(1)
= L' [F(s+a)|=e L [F(s)]
Similarly, L™ [F(s—a)|=e* L™'[F(s)]

Problems

1. Find L7 —! -
(s+a)

SOl. L1|:( 1 )2:| = e_atL_II:izjl = e_at.t = te_m
S+a S

2. Find L™ 12
(s—2)° +16

2t -
Sol. L' 12 — X! . 1 _e” sin 4¢
(s—2)"+16 s> +16 4

3. Find L'|—3%3
(s+3)"+9

Sol. L' Lf SR {%} =e¢ " cos3t
(s+3)"+9 s°+9

4. Find L‘l[;}

s +25+5
So. L{_}L s
sT+2s+5 (s+1)" +4
—L‘l_ (s+1)—1 ]

L (s+1D*+4

_7 s+1 g 1
L (s+1)*+4 (s+1)*+4

el el
s +4 s +4

_, sin 2t

=e'cos2t—e

62 (2cos 2t —sin 2t)

Dr. M. Muralidharan
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5. Find L ————
s°—4s+20
ol L{—}L s
s°—4s+20 (s—2)"+16
—L‘l_ (s—=2)+2 |
| (s—2)*+16 |
= L_l _S;z_ + 2L_1 ;
(s=2)*+16 (s—2)"+16
= ¢* L‘{—S } + ZeZ’L‘l{—l }
s* +16 s* +16
,; Sin 4¢

=e? cosdr+2e

2t
= % (2cos 4t + sin 4t)

6. Find L“{S—_l}

s> +4s—-12
P I I
s*+4s—12 (s+2)"—16
—L‘l_ (s+2)-3 |

| (s+2)*-16

T S R 1
(s+2)-16 (s+2)*-16

2! 25 _ 32! 21
s*—16 s*—16

_,, sSinh 4¢

=e¢ % coshdr —3e

-2t

64 (4 cosh 4 — 3sinh 4¢)

s +4s+13

Sol. L—l{#} =1 S—_S
s +4s+13 (s+2)"+9

=L_1{(s+2)2—5}
(s+2)"+9

31
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_ o L_1|: 2S :|_5€—2tL—1|: 21 :|
s°+9 s°+9

_ _,, SIn 3¢
e * cos3t—5e¢

-2t

3

(3cos 3t —5sin 3¢)
Home Work

Find 1. 17| — 2 LN ———— | 3L ——
(s—4) (s—b)" +a s*+6s5s+13 ]

PR on] LI R Rl 6. L'| L

sT+2s+2 | 5™ +2s s*+2s+10

7. L 222 S_z_ 8. L ST 0. 1| —<3+d

s°+6s5s—16 | s”+s5+1 (s+a) +b
Type — 2

If LLf(0)] = F(s), then L[t f()]= —%F(s) = F(s)

= L'[F'(s)]=-1 f(1)
= L'[F'(s)]= =t L"'[F(s)]

Problems
S
1. Find L'"| ————
[(s2+a2)2}
, s
Sol. Let F(S):m put s> +a’ =t
g 2sds =dt
:>F(s)=j(s2+a2)2ds sds=dt/?2
_rdt]2
_I t2
=lj't‘2dt
2
_17
2 -1
-1 -1

ZE_ 2(s* +a*)
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L[F(9)] ==t L[F(5)]

"'L1|: 2 - 2 2:|:_IL{ 2_1 2 :|
(s"+a’) 2(s”+a”)

r o 1 tsin at
:—L > > =
2 s“+a 2a

2. Find 1| — %%
(s"+4s+)5)

pon s+2
SOl' Let F(S)_ (s2+4s+5)2 pu[ S2+4S+5:t
1o (25 + 4)ds = dt
:F(S):'[(S2+4S+5)2 ds 2(s+2)ds =dt
_J-dt/z
t2
| )
=§It dt
_1
2 -1
-1 -1

T2t 2(sP+45+5)

L'[F'(s)] ==t L'[F(s)]

-1 S+2 ——t‘L_l _1 ]
(s> +4s+5)° 2(s? +4s+5)

ILL—I 12 zie—th—l 21
2 (s+2)"+1] 2 sT+1

r _ )
=—e¢ *sint.
2

Home Work

Find 1. 1| —° | 205 | 3 p|SF
(s7 =1 (s +4) (s"+6s5+13)

4 7| 26+D
' (s> +25+2)*

33
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Type — 3
If LLf(t)] = F(s), then L[t f()]= —%F(s)

Problems

1. Find Ll{log(l_; H
A
Sol. Ll{log[l_; ﬂ:f(t)
A

:L[f(r)]=log(1;f J

L[t ()] :—%log(I;ZS J

= —i[log(l —s*)—logs’]
ds

_ —2s _ﬁ
1—s? 2

=25 2

2
s =1 s

S =-au| S e |

s”—1 S
=—-2coshr+2(1)

(e) f(r)= %(1 —cosht)

2. Find Ll[tanl (%}
S
Sol. L |tan" | — ||=f(?)
S

= L[f(t)]=tan”’ (lj

A

L[ f(D)]= —%tam_1 (lj

A)

Dr. M. Muralidharan
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i)
1+ /s)? \s?

_s (11
sT+1\s*) 5P+l

:tf(t):L‘l[ 21

s*+1]
=sint

(ie) f(1)= %“t

Home Work

Find 1. L™ log(s—Hj 2. L 10g(1+sj 3. L7 log( S j
s—1 S s”+1

4. L'|cot™ 5]

Type —4
If LIg(t)]=sF(s) and f(t)is a function such that L] f(t)]=F(s) and f(0)=0

then ¢(t) = f(1).
For, we have L[ f'(t)]=s L[ f(®)]— f(0)
=sF(s)—0
= L[o(1)]
= f()=9(@)

This result can be used to get the inverse transform of certain functions.
L[sF(9)]=¢0)
d

’ _“ =i -1
—f(t)—dtf(t) dtL [£(s)]

(i.e.) L_l[s F(s)] = %L‘l [F(s)] provided L' [F(s)]= f(t) vanishes at t = 0.

Note :L™'[s*F (s)]= %L‘l [F(s)] provided f(0)=0, f’(0)=0 when f(t) = L™ [F(s)].
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Problems
1. Find Ll{ il }

(s+2)2
Sol. Ll{ s 2}:iLl[ ! 2}
(s+2) dt (s+2)
_i e—ZtL—l(i]
dt s*
d =2t
—E[e t]

=e ' 14+te'(=2)
= e (1-21).

2
2. Find L™ ——
(s=1)

Sol. 1| =4 ]
(s—1)° | dt (s—1°

2 2 2
oD =]
dt Ry dt 2

1d

=——[e'2t+1te']

2 dt
1

=—[{e'2+2te'}+{e' 2t +17e'}]

2

t

€ 2
=—[t"+4r+2
2[ ]

1
3. Find the inverse transform of 522 +1) :

2 2 _
Sol. L'| —L || 5= 8D
s (s7+1) sT+1 sT+1

:L‘l(l)—L‘l( 21 j
s”+1

=0,(t)—sint

Dr. M. Muralidharan
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2
4. Fll’ld L_l ﬁ
(s"+a’)
2
SOl. L_l ) S N =L_l S.ﬁ =iL_1 3 S )
(s“+a”) (s“+a”) dt (s“"+a”)
, S
Let F'(s)= ———
(5) (s2+az)2
s
= F(s)=|———ds
©=] ey
_dt]2
_j .
zlj.t_zdt
2
_1
2 -1
et
2t 2(s*+a?)
L'[F' ()] ==t L'[F(s5)]
-1
L= = ——
Lsz-l—az)z} {2(s2+a2)}
_tga 1 _tsinat
2 s’ +a’ 2a

Equation (1) becomes

I s° _d tsin at
(s> +a>)* | dt

2a

]

2L [sinat.1+t(acosat)]

a
_sinat+atcosat
- 2a
Home Work
2
Find 1. L‘l{ a 5} L‘{ d 4}
(s+3) (s=1

Dr. M. Muralidharan 37

put s> +a’ =t
2sds = dt
sds=dt/?2
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Type — 5
We know that L { j 110 dt} Lritron
0 S
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This result can be used to get the inverse transform of certain functions.

= L {j f(t)dt}le(s)
S
= L [F(S)} jf(t)dt

(ie) L™ [F (S)} jL [F(s)] dt

Problems

1. Find L™ { }
s(s+a)

Sol. L~ {

O'—,N

NEEE
s(s+a) s+a

= Ie“”dt

2. Find L_1 %
(s“+a’)

Sol. L™ [%}Ll [Eﬁ} =] [ﬁ
(s"+a”) s (s"+a’) " (s"+a”)

P )
Let F(§)= ———
() (s> +a*)?
S
= F(s)=|————ds
() '[(S2+a2)2
dt/?2

=%Jt_2dt

}dt ————()

put s> +a’ =t
2sds =dt
sds=dt/?2
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f_l
—1

| =

__1_

Transforms & Random Processes

-1

T
L'[F'(5)] ==t L'[F(5)]

"'L1|: 2 : 2 2}=_IL1|: 2_1 2 }
(s"+a”) 2(s"+a”)

T 2(s

—LL‘I_ 1 }_tsinat
2 | s*+d’ 2a
Equation (1) becomes
1 f ol )
L'\———— |=| | ———— |dt
{(s2+a2)2} -([ _(s2+a2)2}
_ tsmaztdZ
2a

1 —cosat —sin at
=—|t —(1
Za{( a ) ()( a’

=LH—tcosat N smzat}_{o_i_o}}
2a a a

_sinat—atcosat

Home Work

Find 1. L™ %
s(s“+a”)

24°

o —
s(s—a)

Dr. M. Muralidharan
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Type — 6
Method of Partial fractions
To resolve into partial fractions, degree of numerator should be less than the

degree of denominator. [ deg. of Nr. < deg. of Dr.]

2.

1 A N B
(x+a)x+b) x+a x+b
1 A B C
= + +
(x+a)x+b)(x+c) x+a x+b x+c
1 A B C D
(x+a) x+b)(x+c)x+d) x+a x+b x+c x+d
X A B C
2 - + 7T
(x+a)y (x+b) x+a (x+a)” x+b
X+x+2 A B C D
3~ + + 7T 3
(x+a)x+b)y x+a x+b (x+b)” (x+b)
x*+3 _Ax+B+ C

(x> +a)(x+b)  x’+a  x+b

xz(or)constant_ A N B

(x2+a)(x2+b)_x2+a X +b

x> (or)x _Ax+B Cx+D
(xX*+a)x*+b) x*+a x*+b

X’ +1 B C D

s=A+ + + >

(x+a)(x+b) x+a x+b (x+b)

3 —

X +x—l =Ax+ B+ ¢ + D

C (x+a)(x+b) x+a x+b
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Problems

1. Find Ll{ s+2 }
(s+D)(s+4)

s+2 _ A N B
(s+D(s+4) s+1 s+4
s+2=A(s+4)+B(s+1)
Put s=-1, —14+2=A(-1+4)+ B(0)
1=3A
1

A=—
3

Put s=—4, —4+2=A0)+B(-4+1)
—2=-3A
2

B==
3

s+2 _1/3+2/3
(s+D(s+4) s+1 s+4

[ e e T
(s+D(s+4)| 3 |s+1] 3 |s+4

4t

=—e '+=e”
3 3
: 0 1
2. Find L
s(s+1)(s+2)
Sol. ! é+ B + ¢

s5+D(s+2) 5 s+l s+2

I=A(s+1)(s+2)+Bs(s+2)+Cs(s+1)

Put s =0, 1= A(1)(2) + B(0) + C(0)
1=2A
1

A=—
2

Put s=—1, 1= A(0)+ B(=1)(1)+ C(0)
1=-B
B=-1

Dr. M. Muralidharan
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Put s =-2, I1=A0)+B(0)+C(-2)(-1)

1=2C
_1
2
| 1/2 1 1/2
— +

sGs+D(s+2) 5 s+l s+2

I RS
s(s+D(s+2) 2 S s+1] 2 s+2

=l—e_’+—e_2’
2
3. Find L' —3%2
(s+3)(s"+4)
Sol s+2 A Bs+C

(s43)(s°+4) s+43 s +4
s+2=A (s +4) + (Bs +C)(s + 3)
puts=-3, -3+2=AO0+4)+0
1

-1=A(13) = A= T}
Coeff. of 32, 0=A+B
B=—-A = B=i

13

Coeff. of s, 1=3B+C
C=1-3B

1 10

C=1-3(73) = C=

s+2 =—1/13+(1/13)s+10/13

(s+3)(s*+4) s+3 s’ +4
1 10

L_l S+2 :—LL_I( 1 j+L_1 BS+13
(s+3)(s*+4) 13 s+3 s2+4

Ay Lpfs 10
13 13 s?+4) 13 s?+4

_i sin 21
13

[— e +cos2t+10.

=%[—e‘3’ +cos 2t + 5sin 2t]
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4. Find L‘{ Ss+3 }

(s—D(s*+2s+5)
S5s+3 A N Bs+C
(s=D(s*+25s+5) s—1 s*+2s+5
554+3=A("+2s+5)+Bs+O)s—1)
puts=1, 5+43=A1+2+5)+0
8=AQ8) => A=1
Coeff.of s>, 0=A+B
B=—A = B=-1
Coeff. of s, 5=2A-B+C
5=2(1)-(-1)+C
C=5-3= C=2
55+3 1 N (—Ds+2
(s—D(s*+25+5) s—1 s°+2s+5

I 55+3 :L_{ 1 )+L{ —5+2 }
(s=D(s*+25+5) s—1 s*+25+5

—e' — ! _ =2
(s+1)* +4

Sol.

=ef—L-1_ (s+1)=3 |
(s+1)*+4
P B B IO B
(s+D*+4 (s+1)* +4

=e' —e¢'L" 2s +3e 'L 21
s +4 s”+4

_ _, sin 2t
=e' —e'cos2t+3e”’

5. Find L|— %25
(s+2)°(s—1)

1+2s A B C D
= + + +
(s+2)°(s=D% s+2 (s+2)* s—1 (s=1?
1+2s=A(s +2)(s=1D)*+B(s=1)*+C(s = 1)(s +2)* + D(s + 2)*
Puts=1, 1+2=A0)+B(0)+C@O)+ D(3)2

3-9D = D= %
Puts=-2, 1-4=A(0)+B(=3)’+ C(0) +D(0)

1
-3=9B :>B=—§
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6. Find L‘{

Sol.

L‘{
(

Coeff. of 8>, 0= A + C ----emmmmeev (1)
Coeff. of s>, 0=0+B+3C+D

0= -1 +3C+~
= -3 +3C+ 3

0 =3C =>C=0
From (1), we have A =0

1+2s 0 -1/3 0

Transforms & Random Processes

2o 12 + rt—— 7t
(s+2)°(s—1 s+2 (s+2) s-—1

1+25 2}2_1[{ 12}15{ 1
s+2) (s—1) 3 (s+2) 3

— €
3
=—l e lt+—e't
3
t t -2t
=" (e —
3( )

sT+3
(s> —4)(s* +16)
s +3 A B

(s®

Put s* =4,

Put s* =—16,

= +
—4)(s*+16) s*—4 s*+16
s> +3=A(s*+16)+ B(s* —4)

7
7=AQ0)+B0)=>A=—
(20)+ B(0) 20

s*+3 7 1 13 1

2 _ 2 ~ o0 2 _ ton 2
(s"=4)(s"+16) 20s° -4 20s”+16

L' {
(

2
e (o)
s*=4)(s”+16) | 20 s —4) 20

7 sinh2¢ N E sin 4¢

20 2 20 4

= l sinh 2¢ + Esin 4¢
40 80

1

|

3

—-13=A0)+B(-20) = B=—
(0)+ B(=20) 20

1
s*+16

J

Dr. M. Muralidharan
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A(s+2)(s=1)?
A(s+2)(s> =2s+1)
A(s® +0s* =35+2)

C(s=D(s+2)*
C(s=1)(s* +4s+4)
C(s’+3s°+0s—4)
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7. Find L‘{ il }

(s> +D(s* +4)(s* +9)
1 _ A N B N C
(s> +D(s>+4)(s*+9) s°+1 s°4+4 5749
1= A(s” +4)(s> +9)+ B(s> + (s> +9) + C(s* + 1)(s° + 4)

Sol.

1
Put s*=-1, 1=AQ)Q)=>A=—
ut s (3)(8) Y

Put s>=—4, 1=B(-3)(5 = B= —%
1
Put s°=-9, 1=C(-8)(-5)=>C=—
(=8)(-5) 20

1 1/24 -1/15 1/40

2 2 2 = 2 + 2 + 2
(s“+D(s"+4)(s"+9) s°+1 s°+4 549
s 1 s 1 s 1 s

= —_— + —
(s>+D(s* +4)(s*+9) 24s*+1 15s*+4 40s°+9

L ° Lt —iL‘l( S e L[S
(s> +D(s* +4)(s*+9) | 24 s+1) 15 s?+4) 40 s°+9

— %cost—icos2t+iocos3t.
Home Work
Find 1. L''| = ! 2. L 21 3. L : -
s°(s+1) | (s+D(s” +25+2) (s+D(s” +1) |
I s2—s+2 | s L‘l_ g A ora -
s(s=3)(s+2) | AT+ ' s(s=1)(s> +4)
7. L ! _ 8 L‘l_ I
s(s?=2s+5) =27+
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Type -7
By second shifting property, we have

Lif(t—a)u,®)]=e" F(s)
L[G@®t)]=e""F(s) where G(t)= f({t—a)u,(t)
= Le F(s)|=G@)
=f(t—-a),t>a
= L' Fo)l=L[F©)],_ .

Problems

1. Find L{

s’ +4s+13}

Sol. L' ——— }
K +4s+13 s*+4s+13

t—>t-2

Now, L'\ ——— | = - = =L ———|=
s*+45+13 (s+2) +9

s°+9

' e | e sin3t
st +4s+13 3|,

e > sin3(r —2)

Dr. M. Muralidharan 46

Unit Step function is

1 when t>a
u,(t)=
0 when t<a

G@)=f(t—a)u,(t)
3 f({t—a), t>a
B 0, t<a
} _,, sin3t
= —
3

= , 1>2
3
e—S
2. If L =—————, find f(0).
J L] (s+1)(s+3) find 1O
: _ e S
Sol. Given L[f(t)]_(s+1)(s+3) REAC {(s+1)(8+3)}
=7 ;
(s+D(s+3) i
Now ! -4 &

\ = +
(s+D(s+3) s+1 s+3
I1=A(s+3)+B(s+1)

Put s=-1, 1=A(-1+3)+ B(0)

1=2A :>A:l
2

Put s=-3, 1=A0)+B(-3+1)

1=—2B:>B=—l
2
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1 _ /2 172
(s+D(s+3) s+1 s5+3

Aol B
(s+D(s+3) 2 s+1] 2 s+3

1 ~t 1 =3t
=—e  ——e
2
s f)= L_{—e | }z[le_t —le_%}
(s+D(s+3) 2 2 i1
—le_(’_l) ——e 2"V 1>
2

L—l e—3s _ t3€ 2t
(S - 2)4 6 t—>1-3

(t _ 3)36 2(t-3)
6

Home Work

-2s
1. Find L'|————
s(s”+9)

2. If LIf(t)]=e *tan"'s, find f(¢).

Dr. M. Muralidharan
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Convolution of two functions
If £(t) and g(t) are given functions then the convolution of f(t) and g(t) is

defined as If (u)g(t—u)du It is denoted by f(r)* g(r)
0

(ie) f(1)xg)=] fu)g(t—u)du
0
Convolution theorem on Laplace transform.
If £(t) and g(t) are functions defined for t > 0, then L[ f(#)* g(t) ] = F(s).G(s)

Note: 1) Using the above theorem, we get
LT[F()G(s)]= f(t)* g (1)
=L"'[F(s)]* L"'[G(s)]
2) f(D)xg()=g@)*f()

Problems

1. Find L +
s(s”+1)

Sol. L{ 21 }Ll(lj L‘l( 21 j
s(s™+1) s s”+1

=1*sint

} usin g convolution theorem.

=sint *1
t

=J.sinu.1du =[-cosu]}
0

= —[cost—cosO]
=—|[cost —1]

=1—cost

2. Find L{ usin g convolution theorem.

5
(sz+az)2
I 1
Sol. L™ 5 =L" i )
{(s2+a2)2} _s2+a2 s’ +a’

Ky 1
=" x [
s2+a2j (s2+a2j
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sin at
=cosat *
a
1 t
= —Icosau.sin a(t—u)du
a
| ; 2sinAcosB = sin(A + B) + sin(A — B)
= —'[2sina(t —u)cosau du
2a
1 t
=2—I[sin(at —au+au)+sin(at —au —au)] du
a

0

1 j [sin(at) + sin(at — 2au)] du
2a

1 : cos(at —2au) t
=-—|usmat— [ cos(at — 2at) = cos(— at)
2a —2a 0 = cosat |
1 ) cosat cosat
=—/|<tsinat + —<0+
2a 2a 2a
_tsinat
2a
1 ) .
3. Find L' {W usin g convolution theorem.
S+

Sol. L‘l% =L 21 * L 21
(s"+4) s*+4 s*+4

_sin2¢ . sin 2t
2 2

t
:ij.sin 2u.sin 2(t —u)du
0

1e. . )
= g.[ 2sin 2(t —u)sin 2u du 2sinAsinB = cos(A — B) — cos(A + B)
0

:% j [coS(2t —2u — 2u) — cos(2t — 2u + 2u)] du
0

= % '[ [cos(2t —4u) —cos 2t du
0
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:l M—u cos 2t t [ sin(2t — 4t) = sin(-2t)
8 —4 0 = —sin2t ]
L _Sln2[—tcos2t — sm2t_0
gL -4 -4
1[ 2sin 2t }
=— —1cos?2t
8|
=% szr—tcosZt}

4. Using convolution theorem find the inverse Laplace transform of the
following

s+2 2
b
(@) (52 +4s+13)? ®) (s+D)(s? +4)
Sol. I s+2 _ s+2 e 1
' (s> +4s+13)* (s+2)*+9 (s+2)*+9

5 SIn 3t

=e 2 cos3t e

~
]

e cos3u e " sin3(t—u)du

~ ot

[ —2u-2t+2u
e

ot

cos3u sin3(t —u)du

~ ot

[ ¢ [25in(3t — 3u) cos3u] du

-2t t
j [sin(3¢ — 3u + 3u) +sin(3 — 3u — 3u)]du
0

e—2t t_
= p [sin 3¢ +sin(3t —6u)]du

0

e[ cos(3t— 6u)}

t

= usin 3t —
6 -6

0

e . cos 3t cos 3t
= tsin 3t + —<0+
6 6 6

te™*" sin 3t
6
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o | s (o) ()
(s+D(s"+4) s+1 s°+4

= ¢ ' *sin 2t .
Ie“ sin bx dx=

a’+

ax

b2

(asin bx — b cos bx)

:{ e’ {~sin(2¢ — 2u) + 2 cos(2 — 2u)}}

:{e; O+ 2)} - {% (—sin 2t +2cos 2t)}

:% [2e" +5sin 2t —2cos 2t]
Home Work
1. Using convolution theorem find the inverse Laplace transform of the
following.
1 1 1 4
— () —5——-
s2(s +25) ( s (s +5) s(s*—a®) @ (s> +25+5)

- 1
2. Using convolution theorem find = I(WJ
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Solving Ordinary Differential Equations using Laplace Transform
1. Use Laplace transform method to solve

2
Y 3D oy =4 with y=2,§=3att=0.
t

dt* dt
Sol. Let y= f(#). Then the given equation becomes

ffO=-3f 0+2f)=4
Taking Laplace transform on both sides, we get

LLf7(®O1=-3LLf (O1+2LLf ()] = L(4)
{SZL[f(f)] —sf(0) - f,(o)}— H{sLLF(O]- fO)}+2LLf ()] = %
Given y(#)=2, y(t)=3 whent=0
y(0)=2, y'(0)=3
(ie) f(0O)=2, f/(0)=3
{euren-2s-3}-3(stirm1-2+ 20101 =

(s —3s+2)L[f(t)]=f+2s+3—6
s

(s=D(s=DLLf ()] =+ +25-3 =725 =38
§ s
2s*—3s+4
L=

| 257 =3s5+4
TO=t L(s—l)(s—Z)}

25 —3s+4 A B N C

s(s—D(s—2) T s—1 s-2
25 =354+4=A(s—1D(s-2)+Bs(s—2)+Cs(s—1)
4=A-1)(-2)+ B(0)+ C(0)

Put s =0,
4=2A
A=2
Put s=1, 2-3+4=A0)+B1)(-1)+C(0)
3=-B
B=-3
Put s =2, 8—6+4=A0)+B0O)+C2)1)
6=2C

C=3

52
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25 —3s+4 2

Transforms & Random Processes

3 3

s(s=D(s=2) s

f(t)=L{

2s* —3s+4

s(s—D(s—2)

+
s—1 s-=2

|

=277! |:l:|_3L_1 [L
S s—1

(ie.) y=2-3¢ +3e?'

2. Use Laplace transform method to solve

d*x dx

—+4—+13x=2e"

dt? dt

Sol. Let x= f(#). Then the given equation becomes

7O +4f (O +13f@)=2¢""

Taking Laplace transform on both sides, we get

LIf"O]+4L[f O] +13L[f()]=2L(e™")
(LU O1-s O = F O} 4{stir@n- O} 132 r 1=

Given x(0)=0, x"(0)=-1
(ie) f(0)=0, f(0)=-1

{SLLF (01— 0+ 1+ 4{sLLF(0)]— O}+ 13LL £ (1)] = il

(s> +4s+13)L[f(t)]=———1=

Dr. M. Muralidharan

ool

" given x(0)=0, x"(0) =-1

2

S+

2 2—(s+1)

s+1 s+1
1-s

Lrol= (s+1)(s> +4s+13)

1 1-s
fo=L {(s+l)(s2+4s+13)}

1-s

A Bs+C
+

(s+1(s° +45+13) s+1 s’ +4s+13
l—s=A(s>+4s+13) + (Bs + C)(s + 1)

puts=-1,

Coeff. of sz,

Coeff. of s,

2=A1-4+13)+0

1
2=A(10) = A=

0=A+B

1
B=—A= B=—§

—-1=4A+B +C

53
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—1l==—=—+C
—-1==+C
c=-1-2=-%
5 5
I-s _1/5+(—1/5)s—8/5

(s+1)(s>+4s+13) s+1 s> +4s+13

fy=L" =5 _1 ‘1( ! J—lL‘l _ sH8
(s+D(s*+4s+13)| 5 s+1) 5 (s+2)°+9
=le—f_lL—1 (s+2)2+6
5 57 [ (s+2)7+9
:l e—f_lL—l # _éL—l ;2
5 57 [ (s+27+9] 57 |(s+2)7+9
:le—t_le—th—1|: 25 :|_§e—2:L—1{ 21 :|
5 5 s +9] 5 s +9
=le_t—le_ztc0s3t—§e_2’—sm3t
5 5 5 3
(ie) x= % e’ —le’z' cos3t—ze’2' sin 3¢

3. Use Laplace transform method to solve
d’y dy
dx? dx X

—2—+y=e",with y=2,%=—1 at x =

0.

Sol. Let y = f(x). Then the given equation becomes

7 =2 (0+f(x)=¢"

Taking Laplace transform on both sides, we get

LIf”(O1=2LLf (0)]+ LI f (x)] = L(e")

{S’LLF1-5F 0= FO)}-2{SLLF (0] - FO}+ LLf ()] =

Given y(0)=2, v (0)=-1
(ie) f(0)=2, f/(0)=-1

Dr. M. Muralidharan

(L (1= 25 +1}-2{ sLLF ()] - 2}+ L[ f ()] = ﬁ

(s —2s+1)L[f(x)]:L1+2s—5
o

[
[

S_

|

54
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(s—1)2L[f(x)]:Ll+2s—5
G_

1 2s—5
+
(s=1° (s-1°

o [ 255
f=L LHf}L [(S_DZ}

1 er 2(s—1);3}
(s—1)° |  (s—1)

LI f(x)]=

—

_(s—1)3_ L s—1

=e L™} [LZJ +2¢* —3e L™’ {%}
s s

2
f(x) =ex%+2ex —3e'x

2 x

(i.e.) y=x +2e* —3xe”

d’y  dy
4. Using Laplace transform solve dr2

when t = 0.
Sol. Let y = f(?). Then the given equation becomes
frO+ ft)=t>+2t
Taking Laplace transform on both sides, we get

LLf" O+ LLf (O)]= L(t*) +2L(2)

dt

{SZL[f (O]=sf(0)—f ’(O)}+ {sLLf(O)]- fO)}= % n
A

Given y(0)=4, y'(0)=-2
(ie) f(O)=4, f'(0)=-2
2 2
{szL[ f()]—ds+ 2}+ Lfo1-4==5+=
S S
2+2s

(s> +)LLf ()] =———+45+2
S

B e }—3L‘1 1
(s=1)°

+ == =1 421,

|

Dr. M. Muralidharan
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sGADLLFO]= 28T L agi0

3
S

2 4s+2
Lf )=+ (i : :

Tl | 4s+2
-2 =
Y L L4_+L L(s+1)}

3

:2t—+L_l ds+2 | )
3! | s(s+1)

4s+2 A B

s(s+1)_s s+1

4s+2=A(s+1)+ B(s)
Put s=0, 2=A1)+0=>A=2
Put s=—-1, —4+2=0+B(-1)

—2=—-B=B=2
4s+2 2 2

s(s+1) s s+l

Ll{ ds+2 } _ 2L‘1F} + 2L—I[L}
s(s+1) Ky s+1

=24+2¢"

Equation (1) becomes
3

f(t)=2.%+2+2e"

3
(i.e.)y=%+2+2e".

Dr. M. Muralidharan

dy ’ .
5. Solve using Laplace transform ; #37+ 2[ ydt =1 given y(0)=1
0

Sol. Let y = f(¢). Then the given equation becomes
FO+3f O+2] fdi =1
0

Taking Laplace transform on both sides, we get

L[f’(t)]+3L[f(t)]+2L{jf(t)dt} =L[1]
0

{SLLF (0]~ FO}+3LLf 0]+ 2% LLF()]= SLZ

56
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yO) =1 (e) f(O)=1

Given

Transforms & Random Processes

SLLFO1-+3LIF ()] +%L[ f(l= iz
A

(s+3+3jL[f(t)]=iz+1
S S

s2+35+2
S
((s+1)(
h)

LIf(O]=

s+2)j

st +1

Llf®O]=

s(s+1)(s+

jL[f(r>]=Si2+1

1+s°

2
S

2)

s(s+1D)(s+2)

f()= I {&}

st +1 A B

C

SAD6+2) s s+l s+2
S +1=A(s+D(s+2)+ B(s)(s+2)+ C(s)(s+1)

Puts =0,

Puts=-1,

0+1=A01
1

2

)2)+0+0

1+1=0+B(-1)+0
B=-2
Puts=-2, 4+1=0+0+C(-2)(-1)

2C=5

=C=—

2
S+l _12_ 2 52
s(s+1)(s+2) Ky s+1 s+2
2
faoy=r|— S+ =1L—1(1J—2L—1[ :
sGs+hs+2) ] 27 Us s+1

1
ie)y=——-2e " +=
(ie)y 5

5 e—2t
2

|

5
+_
2

Al
s+2

Dr. M. Muralidharan
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6. Solve using Laplace transform % +2y+ !). ydt=2cost given y(0)=1
Sol. Let y = f(#). Then the given equation becomes
fiO+2f (t)+jf(t)dt =2cost
Taking Laplace toransform on both sides, we get
LLF (O]+2LLf )]+ LD f(t)dt} =2L[cost]
0

2s

st +1

[SLLF ()] FO)}+2LLF ()] +§L[f(t>] -
Given y(0)=1 (ie) f(0)=1

{SLLF@O1-1+2L1f ()] +% (] =25

st +

2
A

(s+2+l)L[f(t)]= 25 1
S +1

s2+2s+1 2s+5>+1
(— LIf®O)l=—F5—
) s +1

S

L f()]=

s*+
f(t):L‘l[ - }
s +1

(i.e.) y=cost

Home Work
Using Laplace transform solve the following:

dzy
dt?
dzy
dt*
d’y dy . dy
+2—=+5y=4e " given y=—=0 when t=0.
dt’ a7 8 A
2
d f+2ﬂ+2y=2 given y(0)=0, y'(0) =1
dx dx
d’y
dt?

1. +4%+4y=te", y(0)=0, y'(0)=-1
4

+4%—5y:5 given y(0)=0, y'(0)=2
t

+4%+4y =e¢ ', y(0)=0, y'(0)=0.
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Answers
Page No. 7
s> +18 ) s(s* +112) s> +29s 4 4s
" s(s? +36) (s +16)(s? +144) (7 +9)(s? +49) NGENGELD))
s2—8 6 1—e 0 l+e ™
S +A(sP+16) s+ T s +1
Page No. 11
1 s+2
= 2.—
s°—6s5+10 s*+4s-5
3. 3 N 35> =39 n 3(s+4)*+15
2(s*=9) 2(s*—10s*+169) (s> +8s+17)(s>+8s+41)
Page No. 18
L 2as ) s —4 30s* — 250 st +2s*+8
(s> +a*)’ . (s> +4)* ' (s* +25)° ' s2(s? +4)
_S(s+2) o 6s+I2 . 4(3s> +18s +23) . 25% —12s% + 32
(s> +25+2)° (s’ +4s+13)* C (st +6s5+13)° (s —4s5+8)’
9. 16 0. 2(s—1) N 2(s+1) 11 2(s+1)
(s> +4)° (s> =2s+5)* (s +2s5s+5)° s(s*+2s+2)°

1 > +1 1 >+9
12. 21og| S |13, 10g[ 22| 14, Liog| S 15, cot 1 3F7
2 s s+1 2 s*+4 2

}+cot1 s 17. Lcot_1 (s+3)
s+1

16.s10g{ >

Vst +1

25 +20s* 4+ 645 +100 s
— —tcot | —
s°(s”+8s+25) 5

18.

Page No. 20

2 Y/
1. — 2. —
25 1 3. log2

Page No. 22
Initial value = 0, Final value = 0.

Page No. 28
1. l tanh (&j
2

S
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Page No. 32
2 4t bt -3t
1. tze 2. £ (acosat+bsinat) 3. S (2c08 2 ~3sin20)
a
4. e '(cost—3sint) 5. e 'cosht 6. e ' cos3t
ot ﬁ 1 ﬁ
—31 — g 8. e ?| cos—t+ sin — ¢
7. e "'(cosh 5t —sinh 5¢) ( > NE >
9. £ [bccosbt+(d —ac)sinbr]
Page No. 33
i tsinh¢ ) tsin 2t 3 te' sin2¢ 4 ot sing
5 2 T2 . te 'sin
Page No. 35
L 2sinht 5 l1-e 3. 2cost—1 n sint
t t t t
Page No. 37
3 -3t _ t
e @23, Tt 266
24 6
Page No. 39
| lzcosat o, e —1 3. - L2 w241y -1
a a 8
Page No. 45
1. —1+t+e’ 2. ¢ '(1—cost)
1 3t 4 -2t
3. l(.e_’—cost+sint) 4. ——+8€ € 5. l(cost—cos2t)
2 15 5 3
6. —1+et—8m2t

1 . "sin 2t _
7. g(l—e cos 2t +% s;n J 8. %(ez’—cost—2smt)

Page No. 47
L 1—cos3(t—2)’ 10 5 —sm(t—3)’
9 -3

>3
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Page No. 51
t  sin5t ot 1 e coshat —1
a) —— by ———+—— c) ——M—
1. (@ 25 125 ®) 10 25 125 125 ©) a’
(d) e4 (sin 2t — 2t cos 2t) 2. 1%(sinat—atcosat)
P
Page No. 58
L oy2e pre 120 2 y=—1-C 4 T¢
. y=—2e e e -y 6 6

3. y=e '(I1-cos2r) 4. y=1—e "cosx 5. y=e ' —e ' —te?!

Dr. M. Muralidharan
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MA 242303 TRANSFORMS & RANDOM PROCESSES
UNIT II - FOURIER TRANSFORM

Fourier integral theorem.
If f(x) is a given function defined in (- /, [) and satisfies Dirichlet’s conditions then

f(x)zi]c Of f@) e*™™ dtdA (or) f(x)le Of f (@) cos[A(x—1)] dtdA
2 ° Ty -~

Definition:
Fourier transform pair.

1 5 :
Fourier transform of f(x) is defined as F(s) = F[f(x)]= N I £ (x) e™* dx

1 T —isx -
Its Inverse Fourier transform is f(x) = E I Flf(xle ds=F7'[F(s)]

Fourier cosine transform pair.

X
Fourier cosine transform of f(x)is F.(s)=F.[f(x)]= \/; I £ (x) cossx dx
0

2 (o]
Its Inverse Fourier cosine transform is f(x) = ,/;J. F.[f(x)] cossx ds
0

Fourier sine transform pair.

2% )
Fourier sine transform of f(x)is F,(s)=F,[f(x)]= ,/;j f(x) sin sx dx
0

2% )
Its Inverse Fourier sine transformis f(x) = \/; I F.[f(x)]sinsx ds
0

Parseval’s identity for Fourier transform.

If F(s) is the Fourier transform of f(x) then I| F(s)I” ds= J. | f () dx

— oo

Parseval’s identity for Fourier sine and cosine transform.
1) If Fy(s) and F.(s) are the Fourier sine and Fourier cosine transform of f(x) respectively then

]O[FS(S)] “ds =T [f(0)1* dx  and ]O[FC(S)] “ds =]o [f()]° dx

i1) If Fy(s) and F.(s) are the Fourier sine and Fourier cosine transform of f(x) and g(x)
respectively then

TFS(S) G, (s) ds =T f(x)g(x)dx and TFC(S) G.(s) ds =]° f(x)g(x) dx
0 0 0 0

Note:

hOFLf@l=- LEF@ iy Elf@1=LF )]
ds ds

i) Flx" f1= )" - Froo)

ds"
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Problems

a’—x*, lxl<a
1. Find the Fourier transform of / (x) =

0 , Ixl=a

. rsins—scoss 1 ... fsins—scoss s kY1
Hence deduce that () I 3 ds =— (i) I 3 cos—ds = —
0 s 4 0 s 2 16

sin s — s cos s T

- @ d -

(i11) j( > j s T

Sol. Flf(x)]=—= | f(x)e"" dx
)

{j 0. dx + j(a x?) et dx + T 0.e"* dx

(a2 — x?)(cos sx+isin sx) dx

8- ﬁ\

I (a> —x*)cossx dx + i I(az—xz) sin sx dx

ﬁ\

27

I (a> —x*)cossx dx + 0
0

@ _xz)(sinsxj (2x)£ cossx) (2)( smsxﬂ
s s s 0

{0_ 2acosas N ZSmas} (0— O+O}}

LS c\qlw ﬁ‘

2
N S

. _~ |2 |sinas—ascosas
(ie) F[f(X)]—2\/; { 5 }

2 |sins—
When a = 1, we have F[f(x)]:z\/; [M}

S

Using inverse Fourier transform, we have

f= ﬁ jF[f(x)] e ds

I sin s — §COS § ..
I ————— | (cossx—isin sx) ds

P sms—scoss 2 % (sins—scoss) .
J cossxds —i— ———— | sinsx ds
= 2

alw ﬁ‘

S

:iJ- (sms—scoss] cossrds — O

3
S

T(sms scoss]cossxds:%f(x) _______ 1)

Put x=0 in equation (1) we get

T (sins—scoss T

I( ] SZZf(O) f(x)=a2—x2

0 f=1-x
f0O)=1-0=1

T /4
=—(()=— This proves (i
4() 1 p (@)




2. Find the Fourier transform of f(x)= {
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Put x=l in equation (1) we get Fo)=a* -2
2 f=1-x
T (sins—scoss s T (1 1 1 3
—d = — — —)=1-—=—
I( jcoszs 4]{2) TR
-7 1—1 X 3 =3_7r This proves (ii)
4 4) 4(4) 16

Using Parseval’s identity, we have

IIF(s)I ds—IIf(x)I dx

— oo

[ . 2 - [
J'(z 2 {MD ds = J}O.dx+J£(l—x2)2 dx+J.0.dx
— oo — oo -1 1

Vs s°

s
16%( sins—scoss )’ 1 22
—J —_— ds=2j(l—x )" dx
7[0 S 0

1
= ZJ.(1+x4 —2x%)dx
0

o0 . 2 1
%J-(sms—sscossj ds = I(l—xz)zdx
— -1

B 5 37!
=2 x+x——2i}
L 5 3 0
=2 {1+l—%}—{0+0 O}}
s ﬁ}
|15
16‘”(sins—scossj2 16
— ||| ds=—
Ty s 15
oo 2
J-(sms—scoss ds=% This proves (iii)
0

I-1xl, IxI<1
0 , Ixlz=1

t
Hence deduce that j(sm ) dt = %

FLf ()] :E [ e

k‘

=L{J‘Oe’” dx + I(l I x1) e™* dx +J.Oe”x dx

ﬁ\

1
I (I-1x1)(cossx+isin sx) dx

1
(I-=Ixl)cossx dx + i (I-1x1)sin sx dx
'[ N2 _'[

1
_\/275-1
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2 1
=——| (I-Ixl)cossx dx+ 0
«/2%;[

= 1/EJ. (I—x)cossx dx
T
2 [ sin sx —COS SX :
T | 52

(ie) FLf()] =\E F‘CQ’”}
/4 S

Using Parseval’s identity, we have

T|F(s)|2ds= TIf(x)Ide

T[ %[“‘f“D ds _j()dx+j(1 | x1)? dx+j0dx
o S

—j[l Cossj ds _j(l 1x1)? dx

—j(l cossj ds:2j(1 x)* dx

47 (1 cosZt) o — o] =2 }

T

J-(l cos2t) di=" {0}_{_1}
1679 ] 3
2
1 7 2sin’t
E ( [2 J dt =
0
A (st} 2
2ry\ 1’ 3

(le) J‘(Slntj =§

W | N

1, Ixl<l1
3. Find the Fourier transform of f(x)=
0, Ixl>1
o . 2
4 .. st V.4
Hence deduce that (i) jﬂdt =— (ii) I(—j dt ==
2 A, 2
Sol. FLf(x)] L (x) e’ dx
° fl=p [

:ﬁ[i&ei” dx + _Jl.l (D) e’ dx + ‘;f 0.e"" dx}

1 1
=——| (cossx+isinsx) dx
N2 _J |

Dr. M. Muralidharan
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1 1 ¢
—— | cossxdx+1i j sin sx dx
\/thj. N2
2

1 -1

1
_[cossx dx+0
0

2|

T
a&)FUun:f:“”

T S

Using inverse Fourier transform, we have

fo=p JFLF@I e ds

1 % /2 sin §
- = Ccos sx —isin sx) ds
«/27z_‘[0 75( S j( :

=lj (smsj cossxa,’s—il (smsj sin sxds
7[_00

s T s

f(x) :%]i (%j cossxds — 0

0

]2 (sinsj cos sx ds =£f(x)
0 2

Put x=0 we get

sin § V4
[ = ~ds=21(0)

0 S
f@=1
-2 fO)=1
2
sin ¢ V4
—d ==
0e>j S

Using Parseval’s identity, we have

TIF(S)Izdsz Tlf(x)lzdx

2 sins

H P J ds _j0dx+j(1) dx+j0dx
%T(?J ds:_jldx
g o-u

=1-(-D)

. 2 oo
(ﬂ] ds=2 :>j
S 0

. 2
(smt) o
t 2

N[+~
S sy 8
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1
4. Find the sine transform of ;

Sol. Flf(0]= \/z J £ (x) sin sx dx
T 0

1 271 .
F{—}: — | — sinsx dx
Ty X

2 s . dt
—sint —
\zd s s
200
Slntdl‘
Vﬂ'

5. Find f(x) if its sine transform is ¢ “’
Sol. The inverse Fourier sine transform is given by

f(x) =\/§T F.[f(x)]sinsx ds

\/7 J *sin sx ds

B B e—as
1\ 2
Vﬂ' | a + x*

_ |2 {0}—{ 21 2(O—x)H
| a’+x

_\E x

N7z 2 +d’

6. Find f(x) if its cosine transform is f(p)=

oo

> (—asin sx—xcos sx)}
0

Sol. The inverse Fourier cosine transform is given by

S (x) =\/ZT F.[f(x)] cossx ds

- { = cossxdﬁzjaoczs}
g 1)
o],

1 1-cos2ax

Txl 2

_sin’ax

TX

ﬁ(“ 2

Dr. M. Muralidharan
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—ax

7. Find the Fourier sine and cosine transform of ¢

Sol. Flf(x)]= \/z _[f(x) sin sx dx
4 0

Fle “"]= \/z je‘“ sin sx dx
7 0

2 [ e ) ]w
=,|— | 57— (—asinsx—scossx)
T|la +s .
2 [ 1
== {0}—{ 5 2(O—S)H
T a +s
_[2 s
T s +a

f(x)cossxdx

2]
0

F.le “"]= \/; Te‘“ cos sxdx
0

oo
—ax

e :
— (—acossx+ssin sx)}

2

Tl a’+s

2 [ 1

Z 1= _

7[_{} {az+s2 H
e

T s’+a’

8. Find the Fourier sine transform of

0

—ax

Sol. Flf(x)]= \/z ~[f(x) sin sx dx
7 0

F{”}F“
X T

Diff. w.rt.'s' on both sides we get
s El
ds X

}dx

0
9d[e
ds
coSsx.x dx

Y cossx dx

2]
RIS
el
ﬁ

> (—acos sx + ssin sx)
a’+s’

oo

0

Dr. M. Muralidharan
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Efe-frtreen]
T a +s
ds X T st +a’

Integrating w.r.t.'s' we get

Fs—e_xax_ \/7J‘s +a’
—aJ%Bm*(;ﬂ
vz (2

e
9. Find the Fourier cosine transform of

—ax

X

Sol. F.lf(x)]= \/7 _[f(x) cos sx dx

R

Diff. wrt.'s'" on both sides we get

ds X ds
d
\/7-[ BS[ j *
\/7 e (—sinsx.x) dx
\/7.[ Y sin sx dx

=—1/— > 2(asmsx §COS SX)
T|la +s

i
T a +s

iF'C|:e :|=_ 2 2S ’
ds X T s +a

Integrating w.r.t.'s' we get

|
:—\/;Elog(s +a®)

=— ! log(s®+a”)

NpY

Dr. M. Muralidharan

J' dx
x*+a?

1 _l(xj
=—tan |—
a a

I+

xdx

2
X" +a

1
—log(x* +a’
5108 ( )
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. . . . —ax
10. Find the Fourier sine and cosine transform of xe¢

ax d —ax
Sol. F [xe ]=——F[ ]
F.le _“]—\/Eje Y cossxdx

T 0
2 e—ax . *°

== | 2(—ac:ossx+ssmsx)}
Tla +s .
2 [ 1

= |Z {0V = _
1 _{ ) {az+s2 H

_ |2 _a
T s +a

e " =\/§J. “*sin sx dx
0

oo
—ax

—(—asinsx—scossx)
a + 57

=,/ 101~ { 12<0—s>H
Pt
caxq_ d /_ s
Felxe ]_ds{ 7[s2+a2}

_ \ﬁ (s> +a*)(1) ~ 5(2s)
N\ (s> +a*)?
_\/z a’—s’

A\ (s> +a*)’

11. Solve the integral equation I f(x)cosAxdx=e
0

0

-4

-1

Sol. Given J. f(x)cosAdxdx=e
0
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\/ZT f(x)cosAx dx=\/Z et
Ty T
Fc[f(x)]=ﬁ s
f(x)=F. {\/7 } \/7J.\/:e cosAx dA

T *cosAx dA
0

2
2| ™ )
=— ~(—cosAx+ Asin lx)}
| 1+x 0
-3 o-fsero)]
7|
2 1
(ie)f(x)=— 5
T 1l+x

x2

12. Find the Fourier transform of ¢ *

Sol.  FLII=—— [ f(0 e ds

F[ei}ﬁzei 55 g _%i il

e— %[(x—is)z— i2s2] dx

— o0

e ezdx

1

N2

17 Slemir] -2
N2

oo 1 .2
e ——(x—is)
= j e ? dx

SIEES
o

J.e_’zdt=«/; = N Te_tz dt




KINGS ENGINEERING COLLEGE Transforms & Random Processes Dr. M. Muralidharan

Note: If the transform of f(x) is equal to f(s), then the function f(x) is called self-reciprocal. In

2
X
the above problem, e ? is self-reciprocal under Fourier transform.

- Clz X2 - Clz X2
13. Find the Fourier cosine transform of ¢ and hence find F,[xe 1

Sol. F.lf(x)]= \/ZI f(x) cossx dx

] \/7_" “x* cos sx dx
0
:\/:%T  cos sx dx

I lS‘X

4a* o
e 2 dt ~
= R.P.J. e — Put ax—i=t
\N27T e a 2a
g2 adx=dt

RP. 7

s

aF

. _ 22 1 44l
(ie) F.le " ]= e
a2
F [xe_“2x2]——iF e ]
’ ds

2
s
d 1 e_ 442

ds| a2

2 2

_ 1 e 4sa2 _2S _ A e 4Sa2
a2 4q° NoX s
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14. Find the Fourier cosine transform of ¢ **

T

-8

© X sin2x
jz— dx e
x +16 2

0

Sol. F.[f(x)] =\/z jf(x)cos sx dx
7 0

F [e—4x] —

c

4

\/%

\/z €—4x
T _16+s2
i 1

0! —
_{ } {16+s2

s*+16

Transforms & Random Processes

. Hence deduce that _[

0

2 %
— Ie ¥ cos sx dx
0

oo

(—4cossx+ssin sx)}

ool

0

Using inverse Fourier cosine transform, we have

f<x>=\/%TFc

[f(x)] cossxds

=\/ZI\/§( 24 ]cossxds
T T \s +16
f(x)—ﬁ COS SX ds
7[0
T cossx s
s=— f(x
!). s +16 Sf( )
T Cossx T _4
ds=—e " ———————— 1
!). s +16 8 M

Put x=2, we get

I 02052s dszze‘g
, §°+16 8
I cgst dx:Z _g
, X~ +16 8

Differentiate (1) w.r.t. x, we get

im
dx

mi(cossxj
RS s+16

COS sX
s° +16

¢ —sin sx.s T
I(—Z )ds=
A +16

Ts sin sx
s +16

0

8dx(_ )

8dx(_ )

§(€_4’C)(—4)

ds= ze‘“
2

COS2x

x> +16

Dr. M. Muralidharan
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Put x=2, we get

jszsts ds:fe—g
, s +16 2
Ix;s.mZx dx:ze‘g
, X +16 2

15. Find the Fourier sine and cosine transform of ¢ *

transform of

— and Fourier cosine transform of >
+x I+x

Sol. Flf(x)]= \/E If(x)cossxdx
7 0

Fle ] =\/z Ie‘ *cos sxdx
V4

7'[

_\/;s +1
F[_x]—\/71 *sin sx dx

=\/: e’ (= sinsx — scossx)}
7|1+ 0
[l
T 1+s
:\/Z o
Now, [1+x }:\/7.[1_'_)6 cossxdx ————-— D

Using inverse Fourier cosine transform, we have

f(x) =\/§TFC[f(x)] cos sx ds
7 0

- =\/ZI\/§[ 21 )cossxds
T T s +1

_ ICOSSX
s +1

),

i

0

T COSSX T o
I > ds=—e "
) S +1

2
T COSsx T
| Ze
7 2

Dr. M. Muralidharan

and hence find the Fourier sine

Put x=s
and s=x

13
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Equation (1) becomes

Fc[ 12} gge_s
1+x T 2

=—\/% e (1)
\/; -5
=,—= e
2

16. Find the Fourier transform of f (x) = "

(l) J'COSXI :ie_al“ﬂ

,a >0, Hence deduce that

T
=5<>j

2 1) 4 and also prove

2as
iv) Flxe "'=i _—
that (iv) [ ] (S gy

Sol. FLf(0]= j F(x) €™ dx

Hﬁ\

—alx|

(cossx+isinsx) dx

1
5
)

'—:8

oo

[ - o1 e
I "l cossx dx + i je 1 sin sx dx
S N2

— oo

ﬁ\

=—I fcossxdx+0
V27
2 B e—ax e
== 1= 2(—acossx+ssinsx)}
T |a +s o
\F

{0} = {
(ie) FLf(x)]= \f
s’ +a’

Using inverse Fourier transform, we have

!

fx) = ﬁiﬂf(x)] e ds

—alxl 1 °°\/7( ) . s
=— COS sx —isin sx) ds
2 I s*+a’ ( )
ﬁ
T

= ( ]cossxds—z— ( 12]sinsxds
T S +a

2a T COSSsx
=— | —5—5ds—-0
V2 st +a’

14
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T cossx T
J.ﬁdsz—e
, S ta 2a
T cosxt T . , ,
) J—zdtz—e "' This proves (i)
+a 2a

Put x=0 and a=1, we get

oo

1
Jt2+a2 ==

0

(i.e.) Ix ") _% This proves (ii)

Using Parseval’s identity, we have

T|F(s)|2ds= ]ilf(x)lzdx

([ i) o[l T o

2a° 7 —aIxI
I(s o) ds = I[e

oo

2 oo
da J~ 2dS2 : =2J.e_2“dx
T y(s"+a’) 0

2a2]° ds 3 e 2 |”
T 0(sz+az)2 —2a

[0-1]

—Za
2a2]° ds _ b
Ty (s> +a*)* 2a

T ds oz
2 22 4.3
oy (s +a”) 4a
put a=1, we get

T s _7
(s2 +1)* 4
e.) J o 1) —% This proves (iii)

By the property, Flx f(x)]= (—i)%F[f(x)]

F[xe—alxl] — (_l-)iF[e—alxl]
ds

2 a
= l)g{\/; s2+a2}
2 -
ol e

=i \/z _2as This proves (iv)

7 (s*+a’)’
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17. Find the Fourier sine and cosine transform of x""',0<n <1, x >0 and hence prove

that T is self reciprocal under both Fourier sine and cosine transforms. Also find
X

1
F
7
Sol. Consider F.Lf ()= i F[f(x)] =\/% Jf(x) cossxdx — i \/% _[f(x) sin sx dx
0 0

Flf(0]l=-iF[f(x)] =\/% Tf(x)(cossx—isinsx)dx

=\/z Tf(x) e " dx
7 0

E[Xﬂ_l]—iFs[x"_l]:\/zjxn—l e—isx dx
T 0 -

et emes g =T
~ \E T(n) 0 pr

N7z s
—_ N\ 7L 2 F(I’Z) —i:COSz_iSinz
=S T 2 2
T s )
( nw . . nﬂj\/? I'(n) | (=0)" :(Cosf_i sinzj
=| cos— —1I sin — 2 >
2 2 Nz s"
Equating R.P and I.P, we get = cos% _isin™®
Flx"] =F LOD cos 22 (M)
T s" 2
FS[Xn_l] =\/Z F(n) Sil’lﬂ _______ (2)
T s 2

1
Put n= 5 in equation (1), we have

-1 2 T1/2) . =«
F[x? ]:\/;Tsmz

Hence T is self reciprocal under Fourier sine and cosine transforms.
X
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Now, FLf(X)]=—— | f(x)e"" dx

1 1 ;1
F { = I (cossx+isin sx) dx
1/le} o oA/lx

1

DO [ =
8'—.8

1

= .
=—— | ——cossx dx +i sin sx dx
2 _'[0 | x| N2 '[c | x|
=LJ.Lcossx dx + 0
27 5y X
|
=.[— | —= cossx dx
=S
1
=F | —
k3
_1
Js
0, x<0
18. Verify Parseval’s theorem of Fourier transform for the function fx)= o x>0
|
Sol. F(s)=F[f(x)]=—= | f(x)e"" dx
For L
1 0
T J. dx +J. dx
R —(l—is)x dx
"l
1 B e—(l is)x
oz | (=i |,
1 _0— 1
N2 | —(l-is)
1 1
e.) F(s)=——
(i.e) F(s) T2z 1—is
t I — o1 1 1 1
|F(s)I> ds= | F(s)F(s) ds = ds
_'[o (5) _'[o (s)F(s) _‘L«/Zﬂ'l—iS N2 1+is
_LFo
27 Y 1+
_ 2 ds
27 1+ 57




KINGS ENGINEERING COLLEGE Transforms & Random Processes Dr. M. Muralidharan

[|f(x)|2dx—[0dx+j(e ) dx

— oo

_[IF(S)IZ ds = j|f(x)|2 dx

— oo

Hence Parseval’s theorem is verified.
19. Using Parseval’s identity, calculate i) ]:L ii) Tx—dx
) ’ < (x> +a*)’ L (xF+4)?

ol. (i) Let f(x)=e "

Using Parseval’s identity for Fourier cosine transform, we have

[LF. (917 ds = [LF 01" dx

2
T 2 a T —ax
j[,/— . 2J ds=[(e)* dx
0 T s +a 0

2 o )
2a J~ 2dS22: 0207 gy
T oy(s"+a’) 3
__e—2ax e
__Za 0
_ O_L}
—2a
2aZT ds _ L
T 0(s2+a2)2 2a

oo

dx V4

(te) ;').(x2 +a*)? =4a3

(i) Let f(x)=e**

Using Parseval’s identity for Fourier sine transform, we have

[LF.(5)1° ds = T[f(x)V dx

(7] oefire

s*ds _dy
-[(s e —_([84 dx

18
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J- s’ds _1

(s +4)* 4

x’dx T

(ie) | ————=—
-([(x2 +4)* 8

dx P
20. Use transform methods to evaluate i)
!(x2 +1)(x* +4) ! (x* + 9)(x +25)

Sol. (i) Let f(x)=e¢™ and g(x)=e*"

Then F.(s)=F.f OOFF 21
T s +1

We have j F,(5)G,(s) ds = I () g(x) dx

J.\/7s +1 V7 s +4 :-([ e d

—3x dx

_I(s +1)(s +4)

0

__e—Sx:|°°
__3 0

4 f ds _1
(s +1)(s*+4) 3
T

. d
(ie) sz +D(x*+4) 12

(ii) Let f(x)=e* and g(x)=e>"
F<S>—F[f<x>]—\ﬁ - G(s)—G[(x)]_\/z -
Then £,08)= S OI= 7 (g and &= o8I 210

We have j F, ()G, (s) ds = jf(x)g(x) dx

J.\/7s +9 \/7s +25 =£ e dr

J~ s*ds
(s +9)(s? +25)

x’dx T

2% s*ds 1 e
;J 2 2 = = J 2 2 -
0 (s"+9)(s"+25) 8 0 (x"+9)(x"+25) 16

19
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R d
21. Evaluate J = a using transforms.
0

x> +a*)(x*+b?)

Sol. Let f(x)=e “* and g(x)=e "

2
Then Fc(s)=Fc[f(x)]=\/% 2 - and Gc(s>=Gc[g(x>]:\/; b

s’ +a’ st +b?

We have [F,(5)G,(s) ds= [ f(x) g(x) dx

0 0
. 2 a 2 b T —ax _—bx
J.V; st +a’ \/;s2+b2ds=-[e ¢ dx
0 0

2ab ]-° ds T

T (s ra s +b7) 1

_ e—(a+b)x * _ O_ 1
|l-Ga+b) |, | -(a+b)

2abJ~ ds 1
4 0(s2+a2)(s2+b2) a+b

—(a+b)x dx

Q

(ie)T dx _ V4
T (P +a’)(x’ +b%)  2ab(a+b)

X, O<x<l1
22. Find the Fourier sine transform of f(x)=:2-x,1<x<?2
0, x>2

Sol. Fl[f(x)]= \/EJ' £ (x) sin sx dx
T 0

2
/1

2 o
Ixsinsx dx+J(2—x) sin sx dx+I0. sin sx dx}

L0 1 2

SEES

SEES

{—coss N s1112s}_{0+0}} N Jz HO_ smfs}_{—coss B smst
L s s T s s s

2sins sin?2s
2 2
S S

SEES

SRS

2sins—2sinscoss}

2
S

I
\9]
8],

2
S

|:Si1’1S (l—coss)}

x(—cossxj_(l)(—sh;sxﬂ +\/§{(2_x)(—cossxj_(_l)(—sh;sxﬂ
i s s . 7 s s

1

20



KINGS ENGINEERING COLLEGE Transforms & Random Processes Dr. M. Muralidharan 21

Properties of Fourier Transform

1. Prove that F[af(x) + bg(x)] = aF(s) + bG(s) [ Linearity property on Fourier transform]
Proof. Wehave FLf(x)] _T [ £ e dx = Fes)

1=

F[af(X)+bg(X)]—E [a f(x)+bg(x)] e”" dx
:a\/;_ﬂ_]lf(X) e’ dx + b—— _]ig(x) e dx

=aF(s)+bG(s)

2. Prove (i)F [af(x) + bg(x)] = aF.(s) + bG.(s)[Linear property on Fourier cosine transform]
(ii)F[af(x) + bg(x)] = aF(s) + bG,(s)[Linear property on Fourier sine transform]

Proof. (i) Flf(x)]= \/%J‘ f(x) cossx dx = F,(s)

Flaf(x)+bg(x)] =\/ZT[af(x)+bg(x)] cos sx dx
T 0

=a\/zj f(x) cossx dx + b\/zj g(x) cossx dx
7[0 7[0

=aF. (s)+bG,(s)

(i) Flf(0)]= \/% [ £ sinsx dx = F(s)

Flaf(x)+bg(x)] —\/7][af(x)+bg(x)] sin sx dx

—a\/:J f(x) sin sx dx + b\/7J‘ g(x) sinsx dx

=aF (s)+bG, (s)
3. Prove that F[f(x—a)]=e'*’ F(s) [ Time shifting property]

Proof. We have F[f(x)] =ﬁ J f(x) e dx = F(s)

FLf (x~ a)]—f [ FGma e ax

Put x—a=t

_ If(t) eiS(t+a) dt dx=dt

. 1= .
zelas (l_) elsl dl_
N2 __Lf

1SX dx

o

— eias F(S)
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4. Prove that F[e'“"f(x)]=F(s+a) [ Frequency shifting property]

Proof. Wehave F[f(x)]=

Fle'™ f(x)]=

Transforms & Random Processes

! jf(x) e dx = F(s)
27

ﬁ\

e o e as

1
27

&‘

__;7[ [ fx) e dx

=F(s+a)

Dr. M. Muralidharan

5. Prove that (i) F[f(ax)] ——F (;j , a>0 [ Change of scale property]

(i) F[f(ax)]=—F,

1 ij
a a
_1 1)
a a
1 ( f(x) e dx = F(s)
N2 ©
1 = .
= (ax) e’ dx
N2 _'wf
1 7 is = dt
=—— | f(He * —
27 a

(i1) We have F,[f(x)]= E_‘. f(x) sinsx dx = F (s)

Fs[f(ax)]=\/z]i f(ax) sinsx dx
7[0

- F [ @ sin(s—’] @
\fj £ sm( jt dt
-=(2)

(iii) We have F.Lf(x)]= \/% [ (o) cossx dx = F,(s)

F.[f(ax)] =\/%]: f(ax) cossx dx

e o)
\/7If(t)cos( jt dt zéFCGj

Put ax=t
adx=dt

Put ax=t
adx=dt

Put ax=t
adx=dt
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6. If 7(/1) is the Fourier transform of f (x), find the Fourier transform of f (x —a) and

[ (ax). B
Proof. F[f(x—a)]=e"" f(A) [ see property (3) and (5) (i) ]
and FLf(ax)]=— ?(&j
a a

7. Prove that [ Modulation property]

(i) F[f(x)cosax] =%[F(s +a)+ F(s—a)] (i) F,[f(x)cosax] =%[Fs(s +a)+ F (s—a)]

(iii) Fs[f(x)sinax]=%[Fc(s—a)—FC(s+a)] (iv) Fc[f(x)cosax]=%[Fc(s+a)+FC(s—a)]

) Fc[f(x)sinax]=%[Fv(a+s)+Fs(a—s)]
Proof. (i) Wehave F[f(x)] =E wa(x) e dx = F(s)
1

F[f(x)cosax]=— ]° f(x)cosax e dx

J' f(@(&j e dx

1

1 1 7 ~
- (x) et(s+a)x dx+
2 [«/ 27 _J;,f N2

:%[F(s+a)+F(s—a)]

(ii) Wehave F,[f(x)]= \/%J S (x) sinsx dx = F,(s)

j F(x) e dx

2sinAcosB = sin(A + B) + sin(A — B)

F [f(x)cosax] =\/Z]: f(x)cosax sin sx dx
T

0

:\/z]o f(x) l[sin(s+a)x+sin(s—a)x] dx
T 2

:l {\/E]C f(x)sin(s+a)x dx + \/zif f(x)sin(s—a)x dx}
2|V T,

:%[Fv(s+a)+FY(s—a)]

(iii) We have F,[f(x)]= E [ £00 sinsx dx = F,(s)

2sinAsinB = cos(A — B) — cos(A + B)

Fs[f(x)sinax]z\/%if f(x)sina x sin sx dx

= \/ET f(x) l[cos(s —a)x—cos(s+a)x] dx
Ty 2

=l[\/§]: f(x) cos(s—a)x dx—\/ZT f(x) cos(s+a)x dx
2|\ 2

=%[Fc(s—a)—FC(s+a)]




KINGS ENGINEERING COLLEGE Transforms & Random Processes

(iv) Wehave F,[f(x)]= EJ‘ f(x) cossx dx = F.(s)

F[f(x)cosax]= \/ET f(x)cosax cossx dx
7 0

Dr. M. Muralidharan 24

2cosAcosB = cos(A + B) + cos(A — B)

= \/ET f(x) l[cos(s +a)x+cos(s—a)x] dx
T 2

=l[\/§]: f(x) cos(s+a)x dx+\/§]: f(x) cos(s—a)x dx
2\ 5

=%[Fc(s+a)+Fc(s—a)]

(v) Wehave F.[f(x)]= EJ‘ f(x) cossx dx = F,(s)

F [f(x)sinax] :\/zo_f f(x)sinax cossx dx
7[0

2sinAcosB = sin(A + B) + sin(A — B)

= \/ZT f(x) l[sin(a + s)x +sin(a — s)x] dx
Ty 2

= l {\/ZT f(x)sin(a+s)x dx + \/ZT f(x)sin(a—s)x dx}
2|V, Ty,

=% [F.(a+s)+F (a—s)]

8. Prove that (i) F[f(—x)]=F(-s)

Proof. () We have FLf (1= [ f(0) ¢ dr = F(o

FU 0= [ fen e i

- :f(t) e (—dr)
__ L f@t)ye ™" dt
27 *
__ L f@) e ™" dt
21 7,
= F(-s)
(ii) Wehave F(s)= ﬁif(x) e dx
F(-s) =ﬁif(x) e " dx
F(-s) =L ]ZW e"" dx
27 °

(it) F[f(0)]=F(=s)

(i) F[f(=x)]=F(s)

Put —x=t
—dx=dt
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(iii) We have F(S)‘fj (x) " dx
e

mzﬁ f(x) e " dx
_L_fof(_t) eist (—dt) Put —x=t
_m J —dx=dt
:ﬁf (=) e di
=ﬁ_if(—x) e dx
=F[f(-x)]

Convolution of two functions for Fourier transform.
The convolution of two functions f(x) and g(x) is defined by

-
(f*8)0) = f ()% 8 (0= [ r) g(x—1 dr

Convolution theorem
Statement. If F[f(x)] = F(s) and F[g(x)] = G(s) then F[f(x)* g(x)]=F(s).G(s)

Proof. F[f(x)*g(x)]=ﬁ [ L g0 e dx

:\/;_7[ I {«/;_7[ Jf(t)g(x—t) dl} e dx

g(x—1) e”" dx} dt

—o0

g(x t) etsx lSI —1ist dx:| dt

—o0

g(x—t) "™ d(x—t)} e’ dt

—o0

_ ﬁ jf(t) G(s) e'*' dt

=G(s)

T If(t) e dt

=G(s) F(s)
(i.e.) FlLf(x)*g(x)]=F(s).G(s)

Parseval’s identity for Fourier transform.
Statement: If F(s) is the Fourier transform of f(x) then

j|F(s)|2 ds = J.If(x)lz dx

Proof. By convolution theorem for Fourier transform, we have

FLf(x)*g(0)]=F(s).G(s)
= FF(5)G(9)] = f(x)* g(x)

25
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= 1 ]3 F(s)G(s)e " ds 1 T f()g(x—1)dt
N27 N2 ©,
=N jF(s)G(s) e N ds = jf(t)g(x—t) dt

Putting x =0, we get

[ F&)G(s)ds=[ g1y dr ——————- (1)

Let g(-1)=f(t) ——==—~~ 2)

(ie) g()= f(-1)
G(s)=F[g(x)]=F[g(®)]

=Flf(-0]
=F[f(=x)]
=F(s) (by property)
(ie) G(s)=F(s) ————=——=— 3)
Substituting (2) and (3) in equation (1) we have

JF&FG)ds=[ £ ) di

(i.e) Tl F(s)I* ds= ]olf(x) P dx

— oo

University Questions:
1. State the Fourier transform of the derivatives of a function.
Sol. F[f ()= (=is)F(s)

FLf"(x)]= (=is)* F(s)
FLf"(x)]= (=is)  F(s)

Ingeneral, F[f" (x)]=(—is)" F(s)

2. Give an example for self-reciprocal under Fourier transform.

2
X

Sol. e ? is self-reciprocal under Fourier transform.

3. Give an example for self-reciprocal under Fourier cosine transform.

2
X

Sol. e ? is self-reciprocal under Fourier cosine transform.

4. Give an example for self-reciprocal under both Fourier sine and cosine transform.

Sol. T 1s self-reciprocal under both Fourier sine and cosine transform.
X
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a—lxl, lxl<a

5. Find the Fourier transform of fx)=
0, Ixl=za

oo . 4
sin t /4 .. sint /4
Hence deduce that () J. = E (i1) J (Tj dt = —

f(x) e’ dx

—38

Sol. FIf(0]=

- s\

{J.O et dx + _[(a Ix1) e"™* dx +_[0 e dx}

(a—Ixl)(cossx+isinsx) dx

—y

|
Q

J (a—1xl) sin sx dx

1
N2 7,

(a—Ix!|) cossx dx + i

- - 5~
;'—ua

(a—Ilxl)cossx dx+ 0

S t—a

(a—x) cossx dx

sin sx cossx )|
_(a—X)( ; j (1)( = ﬂo
_{0— coszsa}_{()_%H

Ry Ry

1—cos as
2
s

] O%———2

STo] S Io] STo] STo]

(ie) F[f(x)]

Using inverse Fourier transform, we have

F)= [FlroTe

_ 1 T \/Z (Hﬂj (cossx —isinsx) ds
N2 S\ s’

=l j (—I_COS as] cossxds—il (—I_COS as] sin sxds
7[—00

2 2

s T s
:E (ﬂj cossxds — 0
T s
(11— T
j (ﬂj cossxds =— f(x)
7 S 2

Put x=0 we get

l—cosas
s°

S = 8

j dS——f(O)
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T 1—cos 2t 2a’t_£(a)
W a2

2
a

T[Zsm t} _7a
) 2
J-(smt) dtzz

t 2

0
This proves (i)
Using Parseval’s identity, we have

T|F(S)|2 ds = Tlf(x)l2 dx

0

1—cosas
s

oo 2 a
(ﬂ) ds = I(a—lxl)zdx

;;'—38
7\
NN W

S

oo 2 a
ij(ﬂ} ds=2J.(a—x)2dx
Ty S 0
_I(l costhz 2di _,|(a=0"]"
A4t* | a? a -3 .

3oy 2 3
8a J(l cc;sZt) dt=12| {0} — _a
167 t 3

3 o .2 \2 3

a j 251r21 t gt =2L

2ry )\t 3

4 %(sin?1) 2

4 sm2 g =2

2\t 3

(le) J‘(Sll’ll‘] =§

6. Find the Fourier sine and cosine transform of f(x) = {

Sol. F.[f(x)]= \/% .' £ (x) sin sx dx

SHES

- .
_[sinx sinsx dx + I 0. sin sx dx}

a

0
1
E[cos(s —Dx—cos(s+1)x] dx

S

=R

sin x,

0,

Dr. M. Muralidharan 28

Put as =2t
ads = 2dt

fx)y=a-IxlI
f(O)=a-0=a

2 —ua a N
. D ds = [0.dx+ [(a=1x1)* dx+[0.dx

Put as =2t
ads = 2dt

O<x<a

xX>a

2sinAsinB = cos(A — B) — cos(A + B)
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_ 1 [sin(s—Dx sin(s+1)x]"
_\/E_ s—1 - s+1 L

_ 1 _{sin(s—l)a_sin(s+1)a}_{0_0}}
\/ﬂ_ s—1 s+1

_ 1 [sin(s—Da sin(s+Da

_\/ﬂ_ s—1 s+1 }

F.lf(x)] =\/%w f(x) cossx dx

= _[sinx cossx dx + I 0. cossx dx}
L0 a 2cosAsinB = sin(A + B) — sin(A — B)

J.%[sin(s +1)x—sin(s —1) x] dx

_ [ —cos(s+1)x N cos(s — 1)x} ‘
s+1 s—1 0

_ —cos(s+1)a+cos(s—1)a B -1 N 1
s+1 s—1 s+1 s-—1

H (s —=I)[—cossacosa +sin sasina]+ (s +1)[cos sa cosa + sin sa sin a]}

(s+D(s—1)
[=(s=D+(s+D)
(s+D(s—1)

1 {2ssinsasina+ZCossacosa 2 }

- 27T st —1 st —1
_ 2{ssinsasina+cossacosa—l}
T st —1
1-x*, lIxl<1
7. Find the Fourier transform of f (x) =
0, Ixl=>1
sins—scoss , T sin s — s COS § Ky 3
] ds = — i cos—ds = —
Hence deduce that (i) I =2 (if) I I 5 T

0 0
“(sins—scoss 4

113 —_— | ds = —

( )-([( s j 15
1

Sol. I (x) e dx
1

F[f(x)]=7

{J‘ ’”dx+J‘(1 x*) e dx +J‘Oe’”dx
— e -1

ﬁ\

1
_J (1—x?)(cos sx+isin sx) dx

1
J (1—x?) sin sx dx

1
N2 Y,

=LJ‘ (1—x*)cossx dx + i

N2 C,
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\O]

1
= J.(l—xz)cossxdx+0
T

\/7 (l_xz)(sinsxj 2 )(—cossx a 2)(—smsxﬂ
7| s s
\/: {0_20(;SS+281I1S} (0 0+0}
7| s s
(i) F[f(x)]=2\/§ [sins—jcoss}

V4 s

Using inverse Fourier transform, we have

f(x)=

o] ™

oo

JFLfne™ ds

sin s — s COS § ..
——————— | (cossx—isin sx) ds

sms—scoss .2 ¢ (sins—scoss) .
cossxds —i— I ————— | sin sx ds
T

S

alw j‘ S‘H

HRE
il

4% (sins—scoss
=—J ————— | cossxds — 0
Vs s

]‘-’(sms—scossjCossde:%f(x) _______ 0

Put x=0 in equation (1) we get

J-(sms SCOSSJ S:%f(())

f)=1-x
f(0)=1-0=1
/4 /4
=—({1)=— This proves (i
4() 2 p (i)
Put x=% in equation (1) we get Fa=1-x
1 1 3
R f(7z)=1-—=—
J-(sms Scossjcosids=£f(lj > 44
0 2 4°\2

-7 1—1 _x 3 =3_7r This proves (ii)
4 4) 4(4) 16

Using Parseval’s identity, we have

TIF(S)Ist= Tlf(x)lzdx

-1

oo . 2
‘[(2 %[sms—fcossD ds—J.O dx+I(1 x?)? dx+I0 dx

— 00 S

7[—00

8 T (sins—scoss

3 ] ds = I(l—xz)zdx

16 3( sins—scoss )’ 1
- ( . ] ds = 2[ (1-x*)" dx
7[0 0

A)

A)

1
=2j(1+x4—2x2)dx
0

30
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=2 {1+1—3}—{0+0—0}}
5 3

_s i}
15
oo . 2
Ej(sms—;vcossj ds=§
T Ry 15
o . 2
j(31ns—jcoss dszl This proves (iii)
0 S 15

31
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MA 242303 - TRANSFORMS AND RANDOM PROCESSES
UNIT III - Z TRANSFORM
PART - A

1. Define Z — transform of the sequence {f(n)}.

Sol. If f(n) is a causal sequence (i.e.) f(n) = 0 for n < 0, then the Z — transform is called
one sided (or) unilateral Z — transform of {f(n)} and is defined as

ZUF ) =F@)=3 fn) s

2. Find the Z - transform of a".

Sol. Z{a"}=) a"z™"
n=0

-2 (2 -5l

-1
] :(z—a (I=x) " = 14X+ 2242

3. Find the value of Z{f(n)} where f(n) = na".

Sol.  Z{na"}=—zL[z(")]
dz

|: : :|
__Z_
dZ Z—da

'(z—axl)—z(l)}

(z—a)’
__|_~a }
BREEDS
_az
(z-a)’
4. Find Z{f(n)} where f{(n)=nforn=0,1, 2, .........

Sol. Z{n}=z nz™"
n=0
[ 1 n

:0+(§j+2(gjz+3g}3 I

B 2
=4 1+2(ﬁj+3(ﬁj Foreeeenes
Z Z Z (1=x)7 =14+2x+3x7 +4x° 4o
P -2 -2
Z Z Z Z
a z° az

_Z(z—a)2 - (z—a)’
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5. Find the Z - transform of (n + 2)
Sol. Z{n+2}=7Z(n) +7Z2)

~ . 27 =z+2z(z—1)=2z2—z
S (z-D* z-1 (z—1)° (z-1)°
6. Find Z(1/n)

1 =
Sol. Z{;} = Z—Z_n

n=1 1

I 1 1

Transforms & Random Processes By M. Muralidharan

==t —t+—+

..............

z 228 37 —log(l—x)=x+ 2+ 4

2

3
X

3

= —10g(1 —lj
2
_ _1Og(z_-1j
2
2
=log| —
g[z—lj

7. Find the Z — transform of 3".
Sol. Z{3"}=Z 3"z
n=0

8. Find the Z — transform of (n + 1)(n + 2)
Sol. Z{(n+ D(n +2)} =Z{n*+ 3n + 2}
= 7(n%) + 3Z(n) + Z(2)
_z(z+]) 3z 27
= -+ -+
(z—=D" (z-1D" z-1
_ 2+ z+32(z-D+22(z 1)’

(z=1)°
2 +z+3727-3z+27° 472 +22
- (z-1)’
— 2Z3
C(z-D°

9. Find the Z - transform of sin %

) sin @
Sol. We have Z{r"sinn@}=—; 7 ;
7" —=2zrcos@+r

7z sinﬂ = 2Z
2 z-+1
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10. It Z{f ()} = f(2), then Z{e™"' f(1)} = f(ze")
Sol. Ze ' f()}=Y e f(nT) 2"

=> f(nT)(ze")™
n=0
= f(ze*")
11. Find Z[e 7] using Z - transform.

Sol. We have Z{l1}= ﬁ
aT

w Zle )= Z]e —“”(1)]_—_1
If Z{f(n)}=f(2), then Z{a"f(n)}= f{éj

Sol. Z{a" f(n)}—Za f)z™"

f(n)( j
:)

13. Find the Z — transform of f(n)=1< n!
0 otherwise

[l
i ||M8 i

n

for n=0

N

I
[
Q
‘N
2

S

I

=]
S

Sol. ZUfm)}=3 fmz"

-S4
o h!\a
MO n )‘—1+x+£+x—3+
Zzi ﬁ e = 1' 2' 3' ..........
= n'\z
1(a 1(a ? 1(a ’
=l4+—|—|+—|—| +—| —| +ereeernn....
1\ z 21\ z 31\ z
Zea/z

14. Define the unit step sequence. Write its Z — transform.
Sol. U(n) is the unit step sequence defined by

|1 for n=20
U(n)_{O for n<0

Z{U )} =Z(1) =——
z—1
15. State convolutior_l theorem of Z — transform.
Sol. If Z{f(n)}=f(z) and Z{g(n)}=g(z) then
Z{f(m*gm)} = f(2).2(2)
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16. State and prove initial value theorem in Z — transform.
Statement: If Z{f(n)} = F(z), then f(0)= Zh_r:’ F(2)

Proof. f(2)= i fnm)yz™"
f(1)+f(22)+f(3)+
Z

z &

=[O+
;“ F(2) = £(0)

— o

17. State final value theorem in Z — transform.

Sol. If Z{f(}=F @) then " (7= M7 (-Df)

2
<

18. If F(2)= 0 . 3 , find f(0)
=2 )eiled)
2 4 4
Sol.  f(O= "™ F(z) [7(2) =F@)]
700
_lim z’
i O o G
= lz—|z——
2 4 4
_lim z’
inde z3(1—1 (1—1 (1—3j
2z 4z 4z
_lim 1
Sz (1_1j 1_1j 1_3j
27 4z 47
_ oo

19. Express Z{f(n + 1)} in terms of f(2)
Sol. Wehave Z{fm}=3 fmz" =F(2)

Z{f(n+1)}=if(n+1)z_"

— if(m)zf(mfl) Put n+1=m

m—1=0 n=m-1

2> fmyz "

. {if(m)z"" —f(O)}
(ie) Z{f(n+D}=z[f(2)— F(0)]

20. Form a difference equation by eliminating the arbitrary constant A from y, = A.3"
Sol. y, =A3"
Ynt1 = A3
=3A3" =3y,
(ie) Y, —3y,=0
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21. Form a difference equation by eliminating arbitrary constant from U, = a.2""
Sol. U, =a2™
U, =a2"™
=2a.2"™" =2U,
(ie) U, -2U,=0

22. Form the difference equation from y, = a +b.3"
Sol. Given y, =a+b.3" . (1)
y,., =a+b3™"
=a+303" —————- (2)
V.., =a+b3"™
=a+9p3" —————— (3)

Eliminating a and b from equations (1), (2) and (3), we have
y, 1 1

Yo 1 3[=0
Yurr 19
Y,0)=y,,8)+y,,2)=0
(i) Yyo =4Y,u+3y,=0
23. Form the difference equation by eliminating the constants A and B from
y, =A(=2)" +B.3"
Sol. Given y, = A(-2)" + B.3" ——-mmmmmme- 1)
Yo =A(=2)"" + B3
=-2A(-2)"+3B3" —————— (2)
Yurr = A(=2)"7 + B3"
=4A(-2)"+9B3" —————— (3)
Eliminating A and B from equations (1), (2) and (3), we have
y. 11

You =2 3|=0
yn+2 4 9

yn(_30)_ yn+l(5)+ yn+2(5) =0
(le) yn+2 - yn+1 _6yn :O

24. Find the difference equation generated by y, =an+b.2"

Sol. Given y, =an+b.2" . (1)
vy, =amn+1)+b2""
=an+1)+2b2" —————— (2)
V.., =an+2)+b2""
=a(n+2)+4b2" —————— (3)

Eliminating a and b from equations (1), (2) and (3), we have
v, n 1

v, n+l 2{=0
V., ht2 4
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y,[4n+1)-2(n+2)]-y J4n—(n+2)]+y ,[2n—(n+1)]=0
y,2n)—y, ,GBn-2)+y ,(n—-1)=0
(ie) n—-Dy ,,—-Bn-2)y,, +2ny =0

25. Evaluate Z_l[;}

22 +7z+10
- _ <
Sol. ' TO= s
f_ 1 A B

= +
Z (z+2)(z+5 z+2 z+5

1=A(z+5)+B(z+2)
Put z=-2,we get 1=A3)+0
= A:l

Put z=-5,we get 1=0+ B(-3)

= B=—l
f(z) 13 L3
Z z+2 z+5
J_C(z)—l ¢ 1z
3z+2 32z+45

] P L= A S P
~2|f)=3z [Z+2} 37 [z+5}

1 n _l _ n
_5(_2) 3( )

26. Does the Z — transform of n! exist? Justify your answer.

Sol.  Z{n}=> nlz™”
n=0

nm 21 3
=l+—+—+—+
z 77z
Thus the Z — transform of n! does not exist.

27. What advantage is gained when Z — transform is used to solve difference equation?
Sol. The role played by the Z — transform in the solution of difference equations corresponds to
that played by the Laplace transform in the solution of differential equations.
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PART -B

1. Find the Z - transform of the sequences f,=(n+ 1)(n+2) and g, =n(n-1)
Sol. Z{f(n)}=Z{(n+1)(n+2)}
=Z{n’+3n + 2}
=7Z{n*} + 3Z{n} + Z(2)
zz(z+13)+ 3z - 27
(z-D" (z-D° z-1
_ 224+ z7+43z2(z-D+2z(z-1)?

(z=1)°
2 4z4+3z2°-3z427° 477 +22
(z=1)°
— 2Z3
(z=1)°
Z{gn)} =Z{n(n - 1)}
=7Z{n’-n}
=Z{n’} -Z{n)
_zlz+D) 2

(z-D* (z-1)°
_ 2 +z-2(z-1)

(z-1)°
27

(-1
2. Find the Z - transform (i) {a"} (i) {na"}

Sol. (i) Z{a"}=z a"z™"

(ii) Z{na"}=—zdi[2(a”>]
V4

|: : :l
—_Z_
dZ i—da

__Z‘<z_a>(1>-z(1>}
(z—a)’

— _4 j|
=—7 5
| (z—a)

azg

"~ (z-a)’
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) 1 niw . NI n n nw
3. Find the Z - transform <{— . COST , SIHT ,{a" cosnrz}and {a COS?

n
1T =1
Sol () Z[;}= _IZZ
S NN S S
g e

(it) We know that

Z{a"} ==
z—a
put a=re'’, we get
iO\n Z
Z{(re'")"}= 7
z—re
Z{rneirzﬁ}: < —
z—re
Z{r"(cosn@+isinnf)} = < —
z—r(cos@+isinf)
Z

Z{r" cosn@+ir"sinnf}= —
(z—rcos@)—irsin@

Z(z—rcos@)+irsind]

- [(z—rcos@)—irsin@][(z—rcos@)+irsinf]
_z(z—rcos@)+izrsinf
- (z—rcos8)” +r’sin’ @
_ zZ(z—rcos@)+izrsinf

7> —2zrcos@+r’
Equating R.P and I.P, we get

Z{r" cosnd) = z(z—rcos@) zrsiné

~ and Z{r"sinn@}=

22 —2zrcos@+r 22 =2zrcos@+r’

2

nmw Z
=Z<a" cos =— 5
2 72" +a

2
Z {cos ﬂ} = 2Z and 7 {sin ﬂ} = 2Z
2 z°+1 2 z°+1

Now, Z{a" cosnz}=Z{a"(=1)"} = Z{(-a)"} =

z+a
4. Find the Z - transform (i) ncosn@ (ii) na"sinn@

Sol. Z{ncosnf}=-z di [Z(cos né’)]
Z

__. 4 2> —zcosf
dz| 72 —2zcos@+1
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_(Z2 —~2zc0s8+1)(2z—cosB)— (z° —zcos 8)(2z —2cos 6)

i (z° =2zcos@+1)*
(2% =577 cos@+27c0s> @ +27—cosO)— (27> —4z> cos@+2zcos> 6)

|

—7%cos@+27—cosb
| (2" —2zcosO+1)°

(z° =2zcos@+1)*

(z°

_Z{zzcos0—2z+cos0}

—2zcos@+1)°

Z{na"sinn6) = —zdi [Z(a" sinn6))
<

__Zi zasin@
dz| 72 —=2zacos@+a’

(z*—2zacos@+a’)*

(z* —2zacos€+az)(asiné?)—zasinH(Zz—Zacosﬁ)}

Z2asin@—2za’sin@cos@+a’sin@—2z> asin@+2za’sin &cos O

(z* —2zacos@+a’)*

—z%asin@+a’sin @ }

| (z°—2zacos@+a’)’

(z>—a*)zasin @

- (z*—2zacos@+a’)*

" . ofnx) . nrw
5. Find the Z - transform (i) sz(?j (ii) 003(7 +Zj

T

Sol. (i) Z{sinz(%ﬂzz{%(l_cos 2::7:)}

. nrT
(i) Z |:COS(7 + Z]

L 1

1
2|
1
2

|

|
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1 |(5+1) (1-45)
6. Find Z{fm)} if /(0 ="—=1| =] ~| 5~

2

Sol.  Z{f(m)= [f{fz ] lf]H
=]

I Z Z
:z—{(£+1)/2} z—{(l—ﬁ)/z}}

27 B 27 }
27-(W5+1) 2z-(1-+/5)
d2z-(1-5)1-A2z- (5 +1)]}
[2z-(S5+DI2z-(1-5)]

272 —z4705-222+ 245+ }
47> =2z(1-~/5) - 2z(«/_+1)+(1+«/_)(1 J5)

3
4]
S
3

477 —27+42z5- 2z«/_ 2z+(1-5)

2245
47" —4z-4
-zl
g ] e 2n+3 .. 1
. Find the Z — transform of (i) (n+1)(n+2) (i) n(n—1)

2n+3 _ A N B
(n+D)(n+2) n+l1 n+2
2n+3=An+2)+B(n+1)
Put n=—-1, we get 1=A1)+0
= A=1
Put n=-2,we get —-1=0+B(-1)
= B=1
2n+3 _ 1 N 1
(n+DH(n+2) n+l1 n+2

S R I A
(n+D(n+2) n+1l n+2

CERET
n+l]| —n+l

Sol. (i)

Transforms & Random Processes By M. Muralidharan

10

2

X
—log(l—-x)=x+—+—+
gl=x) 53

3
X
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o
=—zlog| —
Z

n+2| on+2
1 1 1
==t
2 3z 4z
1 1 1 }
:Z ) 3 4 T oeeeeeeeeeeeens
2z 377 4z

= ZZ log(ij_z
z—1

Equation (1) becomes

fale ) n( )
(n+1)(n+2) z-1 z-1

— 21+ z)log(ij _g
z—1

1 A B

(W) n(n—l)_n n—1
1=A(n-1)+ B(n)
Put n=0, we get 1=AC-1)+0
= A=-1
Put n=1, we get 1=0+ B(1)
= B=1
1 -1 1

nn—1) - n n-—1

] d L]
n(n—1) n n—1

By M. Muralidharan
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Equation (1) becomes

U ool 22 i Yoo 2
Z{n(n—l)}_ log(z_1j+zlog(z_lj

1
_ (F_Zjlog(ij (or)
Z z—1

Transforms & Random Processes

By M. Muralidharan

(e 52

8. State and prove the second shifting theorem in Z — transform.

Statement: If Z{f(n)}= f(2) then Z{f(n+D}=z[f(z)— f(0)]

Proof.

We have

Z(rm) =Y fFm) " =F(2)

S Z{f D)= fn+ D)z

- S pomere

m—1=0

=zif(m)z""

={if(m)z’" —f(O)}

Put n+1=m
n=m-1

(ie) Z{f(n+D)}=z[f(z)- f(O)]

Note:
Similarly, Z{f(n+2)}= Y fm)z”" > =2>> f(m)z™"

m—2=0

- z{f}f(m)z'" — FO)= £

=S (@)= fO)-fD)z]
=2’ f()=f(O) -2 )

Z{f(n+3)} =2 f(2) =2 f(0) =2 f(1) = 2 (2) and so on.

In general,

ZUf (k) = 2 [F (@)= FO) = fDZ = F(D2 = =1z %]

12
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9. State and prove final value theorem in Z - transform.

= lim lim -
M I ZZ = h = —
Statement: I[f Z{f(m}=f(z) then " “[fm] = """ {z-Df(2)}

Proof. By definition,
Z{f(n+D) = f(m)}=D [ f(n+D— f(n)]z™"
n=0

2 F(D) -2 FO-F(2) =Y [f(n+1) = Fm)] "
n=0

(ie) (z—=Df(2)-zf(0)= i[f(n +D—f(m)]z™"
n=0
Taking limit as z— 1 on both sides, we get
lim . _N _
p [e=DF@1-1(0) = ;[f(nﬂ) f(m]

Iim - Iim

251 [(z—l)f(z)]—f(0)=n%°o [f (D)= £(0)
+f(2)-fD
+f3)-f(2)

+ f(n+D = f ()]
= M- £ 0)]

-
_ M- £ 0)

T n—>oo
li lim

. m -
(ie) ) Me=Df@l= 0 Lf)]

10. State and prove convolution theorem in Z - transform.

Statement: If Z{f(n)}=f(z) and Z{g(n)}=5(z) then Z{f(n)xg(n)}= f(2).8(z)
Proof. We have

Fo=Yrm" . 5@=3gmz"
n=0 n=0

F(2@D=[fO) +FDz" +FQ)z2+ FP)z + e oo] x
[20)+ gDz +8(2)z+ 83z + e, ]

i[f(o) g+ fgmn=D+f(2)gn—=2)+......... +f(m)gO]z™"

ZIfO g+ fDgn-D+f2)gn—2)+....... + f(n) g(0)]
Z{f(m)*g(n)}
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11. Find the inverse Z — transform of —————
2 —=3z+2
- 10z
Sol. Let f()=——"——
(z—D(z—-2)
fmy 10 A B

= — +
b (z=D(z-2) z-1 z-2
10=A(z-2)+B(z-1)
Put z=1,we get 10=A(-1)+0
= A=-10
Put z=2,we get 10=0+B()
= B=10
f(z)=—10+ 10

Z z—1 z-2
- —10z 10z
f(2)=

+—
z—1 z-2

=~z f)]= —102*[%}102{4}
_

z—2
=-10(1)" +10(2)"
=-10+10.2"

12. Find Z~ {;}

(z=D(z-2)
Sol 2 A N B
o G-DGE-2) z-1 z-2
z=A(z-2)+B(z-1)
Put z=1,we get 1=A(-1)+0
= A=-1
Put z=2,we get 2=0+B()
= B=2
Z _ -1 N 2
(z=D(z=2) z-1 z-2
/A [ — =—Z‘1[L}+2Z{L}
(z—D(z—-2) z—1 z—2
=—)""+2(2)""
=—1+2 2
2
=—1+2"
Z3
13. Find Z 1{ D (e 2)} using partial fraction method.

3

Lot Fo)m z
Sol. et f(2) GG

f&_ = A B  C
z  (z-D*z-2) z-1 (z-1)* z-2

2P =Az-1)(z-2)+B(z-2)+C(z~1)’

By M. Muralidharan

14
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Put z=1, we get 1=0+B(-1)+0
= B=-1
Put z=2,we get 4=0+0+C()
= C=4
Coeff.of z°, 1=A+C
1=A+4
=A=-3

f@_-3, -1 4
Z z—1 (z=1* z-2
2oN__ 3z 2 4z
/@)= z—1 (z—1)2+z—2

e o7 R o= a7 2 % <
s Z{f()}=-3Z [ J V4 {(Z-DZ}AZ [2—2}

i
=3-n+4.2"

2

14. Find Z" <
(z+2)(z"+4)

2
<

Sol. Let f(2)= (2+2)(Z° +4)

} by the method of partial fractions.

f@ _ z __A  BziC
Z (z+2) (22 +4) z+2 z7*+4
2=A(Z°+4)+(Bz+C)(z+2)
Put z=-2,we get —-2=A4+4)+0
—2=8A
:>A=—l
4
Coeff.of z°, 0=A+B
0=—l+B
4
1 (Bz + C)(z +2)
=B=7 Bz + 2Bz +Cz +2C
Coeff.of z, 1=2B+C
1=2+C
4
:>C=1—l=l
2 2
f(2) _=1/4 1/4z+1/2
Z Z+2 72 +4
- 1 z 1 z? 1 z
)=—— +— +—
1@ 4742 47°+4 27744
= I 4] z 1_ .| z2° 1. 2z
S~ ZHf())=—-Z 1[—}—21 +— 1[ }
@)= z+2] 4 | ZP+4] 4 | P+4
1 1 nw

_ Loy i by oM L Ly i BB
4 2
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2> +3z

15. Find the inverse Z — transform of =D +1)

- 7> +3z
. Let f(2)=
Sol A DN 4D)
f(2) 2243 A B Cz+D

= = + +
z  (Z=D*(Z*+D z-1 (z=1D* z*+1
22 +3=Az-D)(Z" +1)+ Bz +1)+(Cz+D)(z-1)°
Put z=1,we get 4=0+B(2)+0

16

AZ -7 +z2-1)

= B=2 :
Coeff . of z3, 0=A+C ————— 1) Aiz-1)(z"+1)
Coeff.of z*, 1=—A+B-2C+D
1=—A+2-2C+D (Cz+ D)z~ 1)’
(Cz+D)(z" -2z +1)
A+20=D=1 ===== (2) Cz’-2CZ* +Dz* +Cz-2Dz+D
Coeff.of z  0=A+C—2D

0=0-2D [using (1)]
=D=0
2)=> A+2C=1 -~ 3)
B)-1)=>C=1
(1) =>A=-1

f(z)= -1 N 2 2+Z2+0
Z z—1 (z-1)" z +1

- -7 27 z°
7)= + +
@) z—1 (z=D* z*+1

e __ -1 % -1 < -1 Z2
~Z {f(=—Z2 [Z_J+ZZ {(Z—I)Z}LZ LZJFJ

=—1+2n+ cosﬂ
2
3 -20
16. Find the inverse Z — transform of < <
| (z—2)°(z—4)
3

Sol. Let Z‘l{f(z)} = f(n)=sum of the residues of ¢~ 202 2" atits poles

) (z—2)*(z—4) '

n+2 n
: : A :
(i.e.) f(n)=sum of the residues of {(Z Z2) (2 _4)} at its poles.

Poles of f(z).z2""" are
(z-2)(z—-4)=0
= z=2,4

z = 2 is the pole of order 3
and z =4 is the simple pole.

1 tim | d’ ;2" =202
L )
Res(z=2)=— ", Lzz{(z ) (Z_2)3(z—4)H

_l hm d2 Zn+2_20Zn
272 |d7’ z—4
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1 dim [ d {(z—4)[(n+2)z"“—20nz”1]—(Z"+2—20z")(l)H

2z—2dz (z—4)*
_ 1 lim L d [ (1) 42" (<200 +20)—4(n+2) 2" +80n 2"
222 |dz (z—4)*
(2= (n+D(n+2)2"" +(20n+20)nz" " —4(n+2)(n+1)z" +80n(n—1)z" "} |
1 lim —{2"?(n+ 1D+ 2" (-20n+20)—4(n+2) 2" +80nz""'}.2(z - 4)
2z2 (z—4)*

_(—2)2{(n+l)(n+2)2".2+(—10n+10)n2" —4(n+2)(n+1)2" +20n(n—-1)2"}
1 —{2"4(n+1)+2"(20n+20)—4(n+2)2".2+40n2"}.2(-2)
2 (-2)*

42" _—2(n2+3n+2)+10n2—10n+4n+4—20n+20—8n—16+40n}
) 16

42" _8n2+4}

2 16

2n° +1
2(n )

lim 2" -20z"
Resz=9= L4 Y -9
_lim "7 -20z7"

24 (2-2)°
_4m =204

(2)°
(16—20)

4
8
4"
2
s f(n)y=Res(z=2)+Res(z=4)

2" ) 4"
2n - +1)—
2( ) 2

ALITER
2> =20z
(z—2)°(z—4)

16. Find the inverse Z — transform of

72 =20z
(z=2)"(z=4)
fo)_ Z-20 _ A B  C D
2 (2-2°@-4) z-2 (z-2)° (z-2)° z-4
72 -20=A(z-2)(z—=4)+B(z-2)(z—4)+C(z—4)+ D(z—2)’
Put z=2,we get —-16=0+0+C(-2)+0

Sol. Let f(2)=

= C=8
Put z=4, we get —4=0+0+0+D(2)’
4 1
=> D=——=——

8 2
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Coeff.of z°, 0=A+D

o1 A@z-2)(z-4)
0=A-— AGZ — 4z + )z —4)
1 A(z’ — 82> + 20z — 16)
= A=—
) 2 D(z - 2)°
Coeff.of z, 1=-8A+B—-6D D(z} — 622 + 12z - 8)
1:—§+B+§
2 2
1=—-1+B = B=2
f_12, 2 L, 8 3+—1/2
Z z—=2 (z=2)° (z-2) z-4
1 z 2z 8z 1 z

&= o ey Y o 274

_1 z +2z(z—2)+8z_l z
2z7-2 (z=2) 274
_1 z +2z2+4z_l b4
27-2 (z=2) 2z-4
2 F (@)=~ 1[4}2{%}12{ < }
2 z—2 (z—-2) 2 z—4 ZAPu2+a%}:a
:2—n+2nn2_£ (Z_a)3
2
e ) N :
17. Find Z { e+ D 1)2} using residue method.

2z =z42) .
(z+D)(z=1)*

Sol. Let Z7'{ f (z)} = f(n) = sum of the residues of { n_l} at its poles.

, _ fih . ; 2"(27—z7+2) . |
(i.e.) f(n)=sum of the residues o (Z+1)(Z—1)2 at 1ts poles.

Poles of f(z).2"" are
(z+D)(z-1)* =0
= z=-1,1
z = —1 is the simple pole
and z = 1 is the pole of order 2.
lim 2"(27—z+2)
Res(z=-1)= I (z+1 D)
_lim "(Z°-z+2)
-1 (z—-1)°
_=D'd+1+2)
- 4
=(-D"

Res(zzl):l lim {d {(Z—1)2 7' (z —Z+2)H

Nz—1ldz (z+D)(z—1)°

_ lim | d J"(Z7-z+2)
z—o1|dz (z+1)
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lim {(Z+1){Z"(2z—l)+(z2—z+2).nz"_1}—z"(z2—z+2)(1)}

Tzl (z+1)
_| @{1+(2).n} - (2)(1)
(2)*
_ 2+4n-2
4
=n
s f(n)=Res(z=-1)+Res(z=1)
=(-D)"+n
. . z(z+1) .
18. Find the inverse Z — transform of (z-1) by residue method.

z(z+1) .
(z=1)*
7"(z+1)
(z-1)°

Sol. Let Z‘l{f(z)} = f(n)=sum of the residues of { n_l} at its poles.

(i.e.) f(n)=sum of the residues of { } at its poles.

Poles of f(2).2"" are
(z-1)*=0
= z=1

z =1 1s the pole of order 3.

Res(zzl)zi lim {d {(Z_l)szn(z'i'l)H

2z |d7 (z—1)°
-1 [ )]
:% Zli_r:ll nz" " +nz+D).(n-Dz" > +nz""' Q)]

:5[n+2n(n—l)+n]

:%[n+2n2 —2n+n]
:n2
s f(n)=Res(z=1)
2
=n

19. Solve y(n+2)+4y(n+1)+4y(n)=n given that y(0) = 0, y(1) = 1 by using Z - transform.
Sol. Given y(n+2)+4y(n+1)+4y(n)=n

Taking Z — transform on both sides, we get
Zly(n+2)]+4Z[y(n+D]+4Z[y(n)]=Z(n)

(V)= 2y(0) =2y} + Hz ¥ (D) =2 y(0)} +47(2) = (Z—Zl)z
(225(2)~0-z(D} +4{z¥(2) -0} +4 F(2) = ——
(z=1)
(22 +4z+4)y(2) = (Z _Zl)z +z
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o z+z(z=1)°
(z+2)"y(2)= 1)
Y(2) = et 2z
(z=1)*(z+2)*
y(z) 1+(z—l)2 _ 2=27+2
2 (z=D*z+2)? (z-1)*(z+2)
2 =27+2 A B N C D

= + +
(z=D*(z+2) z-1 (z=1* z+42 (z+2)

By M. Muralidharan 20

z2—2z+2=A(z—1)(z+2)2 +B(z+2)2+C(z+2)(z—1)2+D(z—1)2

Put z=1, we get 1-2+2=0+B9)+0+0

:>le
9
Put z=-2, we get 44+4+2=0+0+0+D(9)
_10
Coeff.of 22, 0=A+C ————— (1)
Coeff.of z°, 1=3A+B+0+D
1=3A+l+&
9 9
PRIy R
9 27
2
)= 0=——1+C
27
:>C=£
27
y(z) -=2/27 1/9 2/27 10/9
= + -+ .
Z z—1  (z-1D)° z+2 (z+2)
_ 2z 1 z 2z 10 z
y(@)=—2——+ +

P +_ -

27 z—1 9(z-1> 27z4+2 9 (z+2)°
de— 2 4l z 1__ Z 2
2y ()Y =——=—2Z 1[—}+—Z ! +—7Z

@h=- z=1] 9 | (z=D*| 27

2 1 2 n_é Y
y(”)——ﬁ(l)‘Fg(H)"‘E(—z) 971-( 2)
- 2 n 2w S, oy
G.e) y(n)= 27+9+27( 2) 9n-( 2)

Az — 1)(z+2)?

Az - 1D(Z* +4z +4)

A +422 -2 +42-47-4)
A@Z} +377 - 4)

C(z+2)(z-1)
Cz+2)(Z*-2z+1)

C(Z* =222 +22° +2-47+2)
C(z'-3z+2)

_1[ z }—éz
z+2| 9

5]
(z+2)*

20. Solve u,., +6u,,, +9u, =2" with u, =u, =0 using Z - transform.

Sol. Given u,,, +6u,  +9u, =2"

Taking Z — transform on both sides, we get
Zlu, ,1+6Zu, 1+9Z[u, l=2Z(12")

{2%u(2) = 22u(0)— zu() }+ 6{zit(z) — zu(0) } + 9 (2) -—

{ZZLT(z)—O—O}+6{zb7(z)—0}-}-9ﬁ(z):L2

Z_
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<

(22 +62+9u(z) =

\S)

<

N

(Z+3)21/_t(2) ZE

Z
(z—=2)(z+3)°
u(z) 1
2 (z-2)(z+3)
1 A B C
— = + + 5
(z—=2)(z+3)" z-2 z+4+3 (z+3)
1=A(z+3)° +B(z-2)(z+3)+C(z-2)
Put z=2,we get 1=A(5)>+0+0

u(z)=

= A:i
25
Put 7=-3, we get 1=0+0+C(-5)
= C:—l
5
Coeff.of 2, 0=A+B
O=L+B
25
= B=—L
25

L_t(z)_l/25_1/25_ 1/5
Z z—2 z7+3 (Z+3)2
1 z 1 z I z

B(@) =S e
25z-2 25z+3 5(z+3)

.. un :Z_l{ﬁ(Z)}:LZ—I[L}_Lz—II: Z j|+iz_1 _3Z2
257 [z-2] 257 [z+3] 157 |(z+3)
| 1 1
Le) u, =—2"——(=3)" +—.n(-3)"
(ie) u, >s 25( ) 3 n(=3)

21. Solve u,,, —2u,,, +u, =2" with u, =2, u, =1 using Z - transform.

Sol. Given u, , —2u,  +u, =2"
Taking Z — transform on both sides, we get

Zlu, -2Z[u,, )+ Zu,1=Z(2")
{z%ﬂz)—z2u<0>—zu(l)}—zm—t(z)—zu<0>}+rt<z>=i2
Z_
Z

{ZZLT(Z)—2Z2—Z}—2{Zﬁ(z)—2z}+ﬁ(z)=§

(2% =27+ Dii(z) :Lf 27> -3z
—
2+2(2z2-3)(z-2)
z—2
z[1+2z2 —7z+6]
(z=2)(z-1)?*

(z-D’u(z)=

u(z)=

21
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u(z)  27°-Tz+7
7 (z=2)(z-1)°
272 —T77+7 A B C
2~ + + 2
(z=2)(z-1)" z-2 z-1 (z-1
272 =T7z4+7=A(z-1D)*+B(z=-2)(z-1)+C(z-2)
Put z=2, we get 8—14+7=A1)>+0+0

= A=1
Put z=1, we get 2-7T+7=0+0+C(-1
= C=-2
Coeff. of 77, 2=A+B
2=1+B
= B=1
u(z)= 1 N 1 B 2 :
Z z—2 z-1 (z-1)
_ 2
()= z Z

7-2 z—l_(z—l)2

C o o — 7| % R Y Al
cu, =2 {u(z)}=2 |:Z—2:‘+Z I:Z_1:| 2Z |:(Z_1)2j|

(ie)u,=2"+1-2n

22. Solve y,,, +4y,,, +3y,=3" with y,=0, y, =1 using Z - transform.

Sol. Given y,,, t4y,,, +3y,=3"
Taking Z — transform on both sides, we get
Z[y,,1+4Z1y, ., 1+3Z]y,1=2(3")
_ _ _ Z
{22Y(2) -2 y(0) =z y(D)}+4{z3(2) - 2 y(0) } +3 ¥(2) =3

(5(2)-0-2) +4z3(0) -0 +35() =—

(z° +4Z+3)§(Z):L+z
z-3
(Z+l)(z+3)y(z):LZ3—3)
-

z[1+z-3]
(z+D(z+3)(z=-3)
72 =2z
(z+D(z+3)(z=-3)
70 =2z __A N B N C
(z+D(z+3)(z—-3) z+1 z+3 z-3
72 =27=A(z+3)(z=-3)+B(z+D)(z=3)+C(z+1)(z+3)
Put z=3,we get 9-6=0+0+C(4)(6)

y(z)=

y(z)=

:>C=i=l
24 8
Put z=-1, we get 1+2=A2)(-4)+0+0

= A:—é
8
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Coeff.of z°, 1=A+B+C

_ ~3/8 5/4 1/8
y(z)= + +
z+1  z+3 z-3

3 1 5 1 1 1
=7 Yy =7 — |+ — |-z —
In @1 8 [z+1} 4 [z+3} 8 [Z—3}

3 5 1
—_ _1 n—1 += _3 n—1 +— 3 n—1
Ya 8( ) 4( ) 8( )

_ 3D 5y 1)

WITRC) 4 (<3) 8 3

3 5 3"
e) y ==(=1)"—=(=3)" +
(ie) y, 8( ) 12( ) 4

23.Using Z-transform solve y(n)+3y(n—1)—4y(n—2)=0, n=2given that y(0)=3, y(I)=-2
Sol. Changing n into n + 2 in the given equation, it becomes
y(n+2)+3y(n+1)—4y(n)=0, n=0
Taking Z — transform on both sides, we get
Zy(n+2)]+3Z[y(n+1)]-4Z[y(n)]=Z2(0)
{23(2) =2 y(0) =2y} +3{z¥(2) =2 y(0)} =4 3(2) =0
{2°V(2)=32" +22}+3{z¥(2) -3z} -4 y(2) =0
(22 +3z-4y(2)=3z"+7z
(z+4)(z-Dy(z) =2(3z+7)
y(z) _ 3z+7
z  (z=D(z+4)

3z+7 A N B
(z=D(z+4) z-1 z+4
3z+7=A(z+4)+B(z-1)
Put z=1,we get 3+7=A05)+0

:A:&:2
5
Put z=—-4, we get —12+7 =0+ B(-5)
-5=-5B
= B=1
Yo _ 2 |
Z z—1 z+4
_ 27 Z
7)=——t——
y(2) z—1 z+4
" =Z‘1{y(z>}=2z*[—Z }Z‘l[—z }
z—1 z+4

(ie) y, =2+(-4)"
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24. Using Z-transform method solve y,., +y, =2 given that y,=y, =0

Sol. Given y,.,ty, =2
Taking Z — transform on both sides, we get

ZLy, 1+ Zly, 1= Z(2)
(227(2) - 22 9(0)— 2y} +3(2) =%

2
{zzy<z>—(>—0}+y<z>=—z1

-
(@ +DF(0) =2
z—1
_ 27
Y=
y(@) _ 2
7 (z=D(E*+))
2 __A | Bi+C

(z—=1D)(2+1) z-1 z2+1
2=AZ*+D)+(Bz+C)(z-1)
Put z=1,we get 2=A(2)+0
= A=1
Coeff.of z>, 0=A+B
0=1+B
B=-1
Coeff.of z, 0=-B+C

0=1+C Bz+C)z-1)
Bz’ - Bz+Cz—-C
=C=-1

y(2) 1 —-z-1
= + 2
Z z—1 z7+1
z° _z

F(2) = B
y(2) -1 z2°+1 z2+1

) _ s _ 7% | _ z A
Y, =2 {y()}=Z I:Z_1:| Z |:Z2+1:| ‘ I:Z2+1:|
(ie) y,=1-cos (%j — sin(%)

1. Solve y(n+2)-5y(n+1)+6y(n)=36 given that y(0) = y(1) = 0 by using Z - transform.
2. Using Z-transform method solve y.,, +2y,., +y, =k given that y, =y, =0

3. Solve y(k+2)—4y(k+1)+4y(k)=0 given that y(0) = 1, y(1) = 0 by using Z - transform.
4. Solve y(n+3)-3y(n+1)+2y(n)=0 given that y(0) =4, y(1) =0, y(2) =8.

Answer

1. y(n)=18-36(2)" + 18(3)”

2 3=yt (D =D

3. y(k)=2"—k2"

Problems for practice

8 4
=242
4. y(n) 3+3( )
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1

25. Using convolution theorem, find the inverse Z — transform of m

Z_1|:;:|=Z_l|: ! } * Z‘I[L}
Sol. (z—=1)(z—2) z—1 z—2

:1*2n—1

2" 1

2 2( :
1 <&
=— > 2".()""
2; ey
=%[1+2+22+23+ .......... +2"]
_12n+1_1
2 2-1
_2n+1_1

2

2

<
26. Using convolution theorem, find the inverse Z — transform of (z+a)

-1 Z2 — —1_ Z < |
Sol. (z+a)’ | z+a z+a
=Z_1_ < :|*Z—1_ < :|
| z+a L Zt+a
=(—a)" * (—a)"
— Z (_a)r (_a)n—r
=i(—a)”

=(n+D(=a)"

2
<

27. Using convolution theorem, find the inverse Z — transform of (z+a)(z+b)

P z’ :Z'{ Z L}
Sol. (z+a)(z+Db) r+a z+b

o e] e
z+a Z+b

= (=a)" * (=b)"
=Y (—a) (b

= (b)Y (~a) (=)

_ (—b)”i(:—Z]r

r=0

25
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B 1272
Z 1
Sol. {Gz—DMz+D

=0y

(3]
=o\b

= (-b)"

i
= ()| —

— (_1)nbn|:

- (—1)”{

28. Using convolution theorem, find the inverse Z — transform of

el

Transforms & Random Processes

(bn+1 _an+1)/bn+1

1272

(b—a)lb

bn+1 _an+1

b—a

|

{

=

|

By M. Muralidharan

127>

Bz-D@Ez+1)

=7
;)
Z+—
4 -
_z <
z—1/3

}*

7z =
+1/4

=1/3)" = (=1/4)"
=(-1/4)" = (1/3)"

=3 14y /3
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2
<

(z—4)(z-3)

29. Using convolution theorem, find the inverse Z — transform of

Z_l Z2 :Z—1|: < . <
Sol. {(z—4)(z—3> 1—4 7-3

-2
z—4 1 z—-3

= ()" * (3"
=S @ 3
r=0

=3 4Gy

- (473)-1
_(4n+l _3n+l)/3n+l
1/3

_ 4n-:1 _ 3n+1

3
Z
30. Using convolution theorem, find the inverse Z — transform of ( j

e e e
- {(ﬁﬂ =27 Kﬁﬂ vz Kﬁﬂ

=4" x4"
S @ @ =Y @

=(n+1)4)"
Equation (1) becomes

-1 L ’ — nog A
Z {(Z_AJ} (n+1)4" %4

=S (D) @)

- Zn:(r+1)(4)”

=4"[14+2+3+......... +(n+1)]
,(n+D(n+2)
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31. Form the difference equation whose solution is y, = (A + Bn)2"

Sol. Given y, =(A+Bn)2" = A2" + Bn2" . (1)
V,u =[A+Bn+1D)]2"" =2[A+ B(n+1)]2"
=2A2" +2B(n+1)2" —————— 2)
Y, =[A+B(n+2)12"? =4[A+ B(n+2)]2"
=4A2" +4B(n+2)2" —————— (3)

Eliminating A and B from equations (1), (2) and (3), we have
y, 1 n

Vou 2 2n+1)|=0
Vo 4 4(n+2)
v, [8(n+2)-8n+1)]-y, ,[4n+2)—4n]+y, ,[2(n+1)—2n]=0

y,d6-8) -y, @) +y,,2)=0
8yn _8yn+1 +2yn+2 =0

(ie) y,,—4y,., +t4y, =0

32. Derive the difference equation from y, = (A + Bn)(=3)"

Sol. Given y, =(A+ Bn)(=3)" = A(-3)" + Bn(-3)" ——eeeeeeeee- (1)
Y,y =[A+B(n+ D](=3)"" = =3[A + B(n + D](-3)"
= —3A(=3)" =3B(n+1)(=3)" —————~— 2)
Yo =[A+B(n+2)1(=3)""" =9[A+ B(n+2)](-3)"
= 9A(=3)" +9B(n+2)(-3)" —————— 3)

Eliminating A and B from equations (1), (2) and (3), we have
v, | n
Vi —3 —3n+1)|=0
Yoo 9 9n+2)
v,[27T(n+2)+27T(n+ D] -y, ,[9n+2)-9n]+y, ,[-3(n+1)+3n]=0
Y, (=54+27)—-y, A8+ y,,(=3)=0
=27y, —18y,,, =3Y,,, =0
(ie) y,,t6y.,+9y =0

28

33. Find Z2°| =22 | usi tial fraction method
o 1n Z3—3Z2+4 USlng par 14l Iraction metnoda.
2 2
- 7" =37 7" =3z
. Let f(»)= =
Sol S Y N AP Y e 1)1 3 0 4
. 0 -1 4 —4
f(Z)_ z—3 A n B n C 1 —4 4 0

2 (2+D(z-2)7 241 z-2 (z-2)

(z + 1) is a factor.

z=3=A(z- 2)" + B(z=2)(z+D+C(z+1) The Ozther factors are
Put z=~1,we get  —4=A(-3)*+0+0 mde
= A= —i
9

Put z=2, we get —-1=0+0+C(@3)

= C=—l
3
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Coeff.of z°, 0=A+B

0=—E+B :>B=ﬂ
9 9

f(z) —4/9 4/9 —1/3

= + + -

Z z+1  z-2 (z-2)
4 z 4 z 1 Z

NPT e YT

N T .y I N D N A B2
s Z{f (D))= 9Z [Z+J+92 L_z} 6Z {(z—2)2}

IV AU D
=5 D 5 Q) (2"

3

z
(z=2)*(z=3)

34. Using convolution theorem, find the inverse Z — transform of

z z =z z =
Sol. Lz—zﬂz—a} Lz—zf z—J

=7 z *Z{Lj‘
(z—-2)° z-3

—(n+DQ2)" * (3)" Let S=1+2x+3x"+4x" +.......... +(n+1)x"
n s xS =x4+2x> 437 4+ +nx"+m+Dx"
—;(I’+l)(2) ® S=xS=1+x+x"+x" +.. +x" —(n+1)x"™
n 1_ n+l -
=3 Y (r+ D2 3) " (1=98 ===~ (n+1x"
VZO 2 - 3 1_xn+l _ (n+1)x11+1
=3" Z(r+1)(§j (1-x)> 1-x
r=0

_3n 1+2(2J+3(2J +4[2J S SR +(n+1)(gJ }
3)77\3 3 3
2 n+l 2 n+l |
. 1-(3) _(n+1)(3)

-5[o-(2anrs)

—93"—2"(2n +8)
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2

Z
35. Using convolution theorem, find the inverse Z — transform of (z— 1)2 (z—2)

z < -z =
Sol. {(z—l)z(z—z)} {(z—lf z—2}

:zl{ < }*ZI[L}
(z—1) z-2

=n()" % (2)" =n*2"

— i r (2)}’[-"
r=0

n

=2"> r(2”

r=0

1Y 1Y
o 1- 5 n 2] Let S=1+2x+3x"+4x  + ... +nx""
= 2 ) 2 1 xS =x+2x7 43+ +(n=-Dx"" +nx"
(1—2 1_5 S—xS=14+x+x>+x> +uve. +x" —nx"
- . Il amps= 2 e
{ 1 1 1—x
—| — n\ — n n
" (2 (2} §= l—xz_nx
= 5 1 T (I-x)" 1-x
4 2




UnTt— T

@YGHMH cw\oL {Rawe(mw \/vaolélm

————
”Deiim'éiow; Lt & b die 4 srannffla Hprs ard A b ar~
cvend  odmciadedd  awoidle o NI T Wmm

Lk 0 (2) avd n(A) be Pl Wo-

) ( o twed 2P
dovdlcd e (YA) bew oy

pla) = nlA) _ Nodp pvo P —————
T P B At

) Wk 4 maamﬂaoo«!moatj o 501*
wor i dla dre d?%%\we )ead;{mwwf

% g:}t))l/‘s/é\*/\ {’}

oopla) =n(A) 2 =L =05
I n(s) é *
e
Atz s ~ 8k |« -
MAbLN/\.QW
Jok & Y dle WW-M. e

Scanned by CamScanner



2) GD(E): \,’AO(%}) e .

2 ve) = P(A)+Ple) — plA0R) [ o Jhagiarn

3;3 féﬁ]ﬁiomvﬁr &MWW,M
[ane) =@(#) P&

5) Mfff&) = ple) —P(ANB) ; p/an z2) = pla)-plrar)
(P(Pr, ﬁ) = (P(‘Im@ = 0’(4”@ ;(p(ﬁ]ﬁ).(p(e)

| Ple)

F(@lﬁ) — ﬁ%@%z = {F’(Prﬂ&)’;()(mk)WDM)
PlA

) T A el o
p:(LEur%? = 3, plane) =% p(A)= %-D@%ﬁwuﬂ’m@
A plaje) = p(Eoe) _ £l UL —
ple) ple)
2 L
= =2 = 3

boenn (?(Z :3_; = P(A)
P(AuB) = §la)rp(8) —(A0B)

)
lﬁJRA—(tB)—*"‘
X 73 4 &

e, =

<
P(B>:: %—4’4’ S S -

Scanned by CamScanner



== i g2—3
M = (P(E/JQ = .?//3 i = 2
Q/B %’3

:_}:-.—3-. = 2

2 < 4

-—GD\;%RLW\ 5 T4l O?«(@Lda{hﬂ

. e and
T b e e
IALWﬁY/\U_\ s
-»-Y&Ld’,u.aﬂj ﬂo(xc/(’/udd < oends otk ﬁ“ & )
spotiated wdln B dlenm (P(A) :f_(P(E.L)f/A/I:g

=\

ol ulh
(B&%\rs _(f\p,g\c\m @Y) 'ﬁ\;ﬁu,bw 6] \Y /P{O»iakn (v (v

=, b o~ 2 gohanlie @
R X o \Q\Mdﬁ‘”\
f/)bf,U N2 @Utiw”t? W@\m&u( Al o~
‘{Y\MMJ 7 SV \M -

il (PU%‘(:' ! hnl,mwm
w5 A ﬁ% Fo—

foned

' 2s . 6& Qe Ao Oo(wv 2 nwwﬂéw’t B
s 3‘Z ind 57, AU Ao sows W

ol qis el T b
by Pl | od plart 2 geyfpeclively ane 7 o

/

. - oo~ N
é#gfia\m. [}w oo 4 th( “f@t G |

Scanned by CamScanner



@)
@ Dl 1 - .
¥ 0 %f
2, '3
(P(B\> :_"2,2 s Biedd 'S 09/52/ :—,._7—2 | e
150
_ 2 03
plrle) = 2 =o
_ s
plale.) = = =oo
%‘5 5) \AM
[e0) plp]ED)

EWE:)J)/M':L)

=

I S—— |

)
ople)a) = plEDPUTES ——
! /) ME.?WA/E.MWEJW/fsy)

0"£?/0:03>+ ng’(o'O‘;)

Tow prsobednls N -
ey 5 jd by S0
0""'0( Alosunnde 0°45 N J‘Ej w“(yeé y 7

Scanned by CamScanner




RSN
{

-

E, o de ‘ fatey
ded

gle) =0-) = @lE) =1-00 =%

0’)(,4/};—’/) — O- 4’1;

i Bayge s Bese
M &/E\)F/A/E‘)
G’/EJWH(&,M—(}?/EV)O?(A

= _/@_i__@fp”l%’)

Ovl/o-'ﬁf)ﬂL 0 - /oww)

=
T~
i
=
\

="

= 0-19
/ \;’(/\RL\IQL/
37/3; bt wondomt Qo0 W%* W(;
. scond oot Cavdaies S0P Lo
Md&ﬁaéﬂv—e- A P
%AJC%(,\ A5 arx o Turo sfhen bood Lol

\ / Utk - boot 4o
2% Wﬁfow wath. wndie 10/ M/&&/;MM
Chsstan o "(0\/\/0[0‘/‘" M dh.wu{—md o
WWMLAL \‘vr;-FtM(gl~L wnel Jha

r/\j o bt =) W/E,) ::W/EV))
= PlE;) =PIEy) =T

Scanned by CamScanner

—



- pl4le

pla)£s) =0 1°

2 l W
);/f@/ﬁﬂ) PIEL)Y ) /Al EL)

f PlE )p (& PR ) PIATE )2 Jp(Al5)
F P18 )P B

/o:gq /o,/g)+/o L25) [0 25) H{o-25) (2 /o)
4025 [o-10)

Scanned by CamScanner




Rowdome \oarialdss (RY)

A Noandow \oiade I o 274 Aok i o~ tend
kO lowank 4 €6, ks 2 5 don soanflo
fb%m» w@){&aw L 0w xaundon~ Mﬁ?‘;}f\;\wﬁ/\.ﬁi‘.

A ceel veload o defiondd 50 S and ol vebsis i
| ! e
["”A/"b) .A"/) wMLD( O P e{ﬁw\wfdmrjvw\ﬂ '\{JWQ,((,,N\ \[OLNAKD .
/7% dlo valuesr ane s doned peies 4y <eal wnols , dlar
'b“ b awd £ he dwe dp oo ffwa,o Caundhan~ \fﬁwam :

Ej: Ts‘%sw\j 2 i srddansrily e ek B, BT TH TT
lobe e va- 4 sl (& dei) e ot @ X —> R
T prebebilily elsddtion
> 0 2
P6) 1//,\, 1/4 \/4'
Divosts RV
) A hr;vdim voasade  wduds deds o tavandedo
‘M'%MNA o callad o dends RN
Codmmans, RN
A vodoo \osihle X B sead Hr ke oadinmas
e ok MMA] wm}{wz\,\wmw&.
g % o (Dot
&%ii}im: ~ e o{/\—bwi;twui discaotzs Yardamn voriakle
oclide dobian dne valwes w,, %y, - - - To sk pEsabl

ouktomey Ay e cmn Aotz a wo- (i :(P(n;):(p(x:ﬂl:)

called oo pidbelnhdy o bﬂ g - T 16::, P ()

Scanned by CamScanner



i,
f 1)
Ut

t‘f"_(\A\,H(l)\(-.A /’J(«ﬁ ({}(0/\“'”,‘,-&-) (,"/)l/‘LIA.(‘\“\,)S.
(
) Pla)p s M Tmiiye -

. o>
\\> ,—'::; ) iy )

[

d D /\Dflej\lms CQOI R] t b,‘ ((‘fﬂ/\j/\ V‘M/’UA)

e

f“ A ‘m.l*ﬂ/a/\(j } "/' o~ ij;\VVWM)’ RN A iy ealhd

a’%‘wﬁjﬂ'\(/\‘] (/QOMJA‘j b} /)ptl "’
v) kx\) 70 Nt

") / () ) da =)

—oR

)’\Eﬁi‘,- (.C)m(fj [ (i aes Cane ) :

6’(«5 71 A,b) ;(P(c\émt/,b) :/ é,/;‘(_)dg(

———————e

[ soloua - o
Q \f%bﬂ assBadlusn dine tg(ﬂmw? o (}){{,};«M&j dsdecbodion -
SR - S 4 5
6 Y % % %

2 i) Pirn) Zo N %

D g s g0 v =

I

Scanned by CamScanner



Pl
@)

) A die i xllad e s o wey it ek ol e,
o AX/Q,{\/\@Lj B oteun an eack even . o
PU&) by G > dla sved ok o no- >3 st
m\&/)@ﬁﬁ ~stl % a die

GA 8 _— e .
il 6' '57{}3“/13’\ L\(\j dluf(}:v\ Ao A0
A o] 8 A S L
PX): Aa = An " An d
%\\vkd— i{)(m) =\, we e

nt+ A2t a2 = |

\

4 Bewe X3 ) 2 3 4 5 6
OEEAV IS SRR

(P{X>3> = 07(1;4) 4~p/x;*§2ff—d9(x:é)

A4 = X

e

TTETE 7
3) %X@%M@\/ WWW
Pesenkorlidy - Aot 7
X+ © \ oL 32 A 5 é

pex) . o K ok Ak 3R T AKT TRHR
Deltramive or oot K, px=6) /(P/>(>/<;)/(P(54x43')

%’ R T AP Jaure

- 2 2. .
b A 2 KaKAZRFK Aaw Tk +K =1

1o WAk —1=0"

Scanned by CamScanner




;
P p VAL VA '%o )'///w

Now, f/)(46> il (P/XQD) */77/)(:()—}-— —-- ’}‘(P/’(:r)
e QN . (A
/6 [o +/D +78 ’7L—/‘5"O

—0-%]

Plxze) = Plx =) +pix=7)

1528 150 /&0

§locx25) = ph=i) +pk=2)ip/x=9 FpH=t)
o L2l

o ro o 16
iy ﬁ_ ;O-g
JO
—_— .
7(;,,,1/%/4/_;--

4) G pin) = é e s

o 6Tl
fond 7)Mx:mx;a} f‘)/?f’f‘*¢§/><71}

s 7> 0933(;( mx:a} = &Q/X:l)’/"f()(:«?)

= J—J-_g— = _ﬁ ;’—L
3 rs S -

_

Scanned by CamScanner




i pldexes w/ //’//’”“ ) /M/

B s . A |
PEpE K /4 7
/S

“-’) /\& dle &ﬁ 4 jvf(é’ evaluats QZUL “ﬂ’;’éw %C

= § o . ned
éfi[%%:zm)) a s ng F

o N =4

e %Mqﬂwtﬁ o pA, M“M/é/” -

px) Y Y, \/é 1//:1 ‘//z/ \/é 7
}:\»44 ) F[lm’é)} T/ f[/?}béz] . 0’[[;2:('{-37 < i?

Scanned by CamScanner



@)

®5) 63[}311{:!] = pl-1e%x 21)

= ple==1)+px=0)4p(x=V
) 4y L

—

)
b a2

-
—

2plx=-3+ - — - A plx=1)
=S 5 T L S +)—
¢ 6 6 12~

o b, =

7) %’ oo RN  Jolies Qe \:aflw. 1), 3end 4 Soddn Flat—
2p(x=1) = 2px=a) 2ph=1) = splx=4). oA la-
pawmwj lexcloelion -

=z 2p(x=1) = &px=3)
= ph=1) =L p(+=2)

Lp(x=a) = plx=3)
= P(x=a) ‘—LJD(XH?)

g@{x 4) -6)/7(.,3)
= P (x=4) ’L(P(X’3>

Scanned by CamScanner



| 7 0z)
T

NS ?/’p[:ﬂ)’/“} g TEE

Mg>)+yu>9+pH:4);’
3),#).(;7/x:g =1
=

07/x 2\) +
Jibo(x;ﬂ +J3—a>/><2%7 Fp=

,-7_ = |
fﬂsﬁ[é+§*”+§]
/£ = |
=3 oL,
plx=2) [ EL)

~ 30
o= = g1

/8
» _ ) - ) ;O)':—»—
o e

30) =+~
f(x:,z):é— _2-)—) 4

.
Pix = 4) ;,5);(.;}9 =
d)z’&bala{é«'}y %J@AWM o
X ! o 3
L

—

—

z) (awe,w /34[7 é/m):f,é}m/{—m), o £ N2
O mvwmé’xi

/\ n Jont=
Cod dis vbon o A axd foed it
PlxsK) = p(x 3K .
%\ A gz«d- 6:”— j/’d)’(b‘/ / Z’L/)l>0‘(ﬂ:/

— o0

L///lz(/»m)dx = J

ﬂf/I/x——ﬂL)df/% =

Scanned by CamScanner




é/\,;\/\&w plx ) = pl A2 k)

K /
(/6/3()0(2\ :/ﬁ/g()d?m

O

A3 &
DK .:z/<3 L
s 3

(= 4rC L
A
sri-grH1=0

— |

Scanned by CamScanner



(152

C’LUW&D«,G'\&. rD\;gj@\,\ bu:t\'ovx p—‘-“‘{d\(ﬂ/\ (CD F)
’L(Y L o o~ RV M ox mdj(»uwm o

’:{31) :,(p{x_/_- N) ca.MLv( (4 1 o & X |6) Assden bodva—

2 (adiwwows, =) :W/Xé’() :/ bi/a\)o(%

b oA
Posperdis 4 <DF
F} ;2/’00/:0
n) F/ab) =1
,“) ij: /:/?i) = -OL/Z’()
%y }2)/;() :BL/J\)
Ne - 9 pﬁd.&(?mmmﬂw\/JaéXA@);pYUfFﬂJ~

DA RV X A mbgﬂhdﬁ A oo~

> -2 I > ! = -
. 3K
pix) b Rooogea Rk 002
el K o C D %X-
faypre
%' s i(f)/?ﬂ)?”/ Lot PF
0!+K+Cm1%4k+0%+9k:/
= et
k=L
-3
X: —-a o | 2 3
1
~ L J 2 =
09(7()' 16 ’[Ls; =S s I 5

Scanned by CamScanner




r‘f’;f/m) =plx<n)

B G e fo o pdp o
/Dl/n)o(mfi
—>
/k//—i)d“ =
b /
k[zz’l;] =
/<[//fé:>’°J =/
(2)
K==
L
T hd COF- X x
() ~WXéi) >/OQDL/”\)”"" = :
;7;13' .

X
— | g/-a) 2plxs-2) = =
—_ —_ — — )
" jpta) zpixg ) = bk L=
o |Fle) 2plxz0) = Ja2 = 1L
| FO)z2plxey) =~ L 42 =1
30 rs =
LNCh) 2phkza) = s fg:
Lﬁ,@ﬂ spkz3) = Lrg =
Q) yi A ~ PV 4/: PR }yj Al/vl): Kf1-2") 0 et !
’Léf /f) (57 % ? O ﬁ?wum'/s‘—

B —
Scanned by CamScanner




1)

( \ |
Cﬁ ' A"S o"*’xu,‘\o 4y el (u RETR o wf/ ’ f/'/;( Sasdia ,;'
i)

iﬁ N AR (,'\ Kt tee ( ! =\
‘,) chue "J(\.Q "1 ;“\'\x »xl) ) \ \l\‘) [ ’n'lfk' A ,,y,. ',,,, it '/}' [ B l v }

X 1 ) A /s It

Scanned by CamScanner ”



O

=S
Cecd ), ol gy ¢ and plizx=a).

@,é/\- E{)\) = F\/m)

_ %) , l’(}» N ,4/ |

< 3

3 B
4‘6/91—1) / tlf'é“ -
6, z'b oS

s de g 5 i [ i

/44[7\-\)%6‘4\:’
J | )
el

!

= |

=
C]:H:'—Df);’ =) ¢ = s

Pliexza) = gla) —F0)
— )
= T};(:z—))ﬁ[ aal “ N 6

e
5 8 ;A

4) % % MA @]Luz_, M\;WM {)/‘f- ):(“): l/%/ (L K &5
Y, ast &b

o ben

Pk V) T Pt N K
Mg ) Noslanee

w 710

){) 6)(&4_7(4_@) T\])
1
Scanned by CamScanner



Copedeben & Moo X

T c‘LU*U\-ﬂ—gl:‘-'\j dyﬁacufs o5l %W\? t da Ry
A ealled MLA»CCUKM~ T b donded b”"_] E/X)(m) }A: B X
Provula [ Disote dase)

—

Mum::eu)zﬂ

21@/9\)

F (x*) = \ = ()

= —

)

= N
V)

E{x{) = = i?c(d’('“)
Cm«ft{vwmbw lant -

0)&
Mianw = BE(x) = }K\\ :/ % blﬂﬁ“\
¥ ol o ) = dac
E(}L )/—f\v _-/ A b,[n)t
Euﬂ:pl:/vfymM-
—A \ 2
/k’|/ /4)/‘/ /’t o wﬂo—ﬂ( W 0/[%%(7 15(1/‘2/"" ( W™

Scanned by CamScanner



D,

Petferdis g Exfreteli.

B 0) gz 220

i) Ela) = &
i) £ (ax) =~ B
i) £ (ax 4b) = aE/x) b
V) Elx2y) = Eft)tEly)
v) E/xy) =ER)-Ely)
Visiianee - ( Second ot abot ey [ .)
Vass () = E [x¥) —lep)

= /L()/) "//(;/))/

&f@‘a fk Vreramer
i) \an(x) Z©
i)V (b) =0
;'\'7) \as (o-x +b)
?V) V/an {c’o( 7'—/9\/} - ﬂLVM(X) ’H)LVM/‘/)

_ g Van(X)

= —2 — — O
O-3 (9l o]
Px):  o-05 0-I o-3 O

e LY Van(x) , &

G 1) g x) 1) £lax+3)
V) Ven(aX23)

6.og),;_/,a><o—l)+ //lxo«ﬂ—%o +/y><o'3)
> (3 S lxe-1s) + (3207

= B~-25
Scanned by CamScanner



Elax23) = ap/x) 3
= ,2/&«,1‘.?):’23
— 0513

= iy oy
g.f;/ 2

-—
—

i) £ /x*) = 29{77/»‘)
= /qxa o§?+//?><0 1)+
+/4)(0 1)),-}- /4)(0-’)

vo-3)Fot (I1xe-3)

= O.95
V) \an () = £ (x*) = EX)
= 0. = lo.a5)

- 2.8%7¢%

¢-p,6 = (Vam(x) = (2-8875 =

V) Vin (2x £23) = 4 Nor(x)+ O
:4—/;2»8’8’75')

—|]l-5%

) - 479

e )"/412“'7(7(70
2) e e i RY /\mm/vdﬁff(yl%/m, e

W K, Meosun revames -

%‘\}‘ %\%d_ d(/\—'- w d’o([:r /i[a\’)&(ﬂ\;}
aa—aQ

. x o /?(0(7;\ = |
F’/n);/ L6 e Kot~ e

0 A ® A
F[”+’):f i’ e-noﬂn Kf mLe/ﬂd?L:)
P(h-}-))":nl ,</41);i
IS s KZ5

Scanned by CamScanner



N
/3 4)
‘___,,,"
/LLQ.A\/\ — E{*) :/ 2 b/z\)a(/)\
— A
A
2y ¥
:/ X L e dn
2
°
A
= —R
=1 X2
0
= Bl ,6_ == 3
=5 e =

Scanned by CamScanner



| (>2)

s——

.vauzmk G\m,uzﬁuxﬁ 4 f:wwct«it /M 6+ ,:)
MEF ) de RV A A»

A

My lk) = E[Et :] :2 étnf/m) — Dkt
A
M, () = E[e“J ;/ e“t/m)c{m -

}> Lo T MR ‘{/j 5/3\): iée , AP

oD

%/\. /V\XFH:/ e'ﬂll[x)z(oc

o

8 y
’* _—7\)/
:/e% Lo Tda
4 -

Scanned by CamScanner



e
~ b at
My i)z /1-2t)
= fhat Ffat)F- o
ML&AA: EX): 2
£ k) = %
VMM = E/XL)“/E/X))
S
= 4.
01) Ié' 6/7\):/< mie;Ql x>0 foed 7)) vebe K

’- g e
D i) Yo ) A
% Qv doa Jhﬁ i Jpc({r,/é,/n)a(ﬂ =)
& 2t
Kate Veln =]

[ /m( £7) 4 (& QZZ =
Kzo«za»o/-»w

L) = K=4.
4~

Scanned by CamScanner



O
{ \N\‘“M"‘t ‘

P

prra)

o)
\ .
E(x")= My :/ i’ ?jfﬂ\)c{/r\:/ " xate

D

- 4 x{%«'l éﬂafﬂ
. DOQ‘{: {+L W&ﬁ:{-
=/ (%)

e" i—d‘%‘ a?t{a :_cée
2

Q{.H
Mews = gfx) = 3L _ 6 =2
D27/
E/X’/) — f_,)— = él—i/ 93
2> g
Vastwer. = E(%7) ~/B))
9
= s e
= 4
e _ deteod o
3> PCJ*OL . éh/\n— (?WM\?I‘] OQ\\JIA_{ ¢ lw(rd"\- Skbjit;\ay( psiin
S hoods staioad e o JO

Scanned by CamScanner



oo

\

i

Myle) = 5 e pra)
n =0
L 2t 3t 4t
o L 4o X e b et Je -k
72 T T T /6
) - Rt 3t 4t
—;,)L_/H;-f-etwkéé +4e +E ]
| ,
{7
=L /1+et)
/6
S
Noaw = Elx) = |00,

E[’(b);[m”/w]
’ Jf" Lt /ﬂj{_)i e»&]
fg%[/h%)f #e - 3( .
’;4,;[ 74309 :;%g =5
Vorianee = E(x>)—(EH)

= 5-@)

= | .

/

== |
Scanned by CamScanner



A{i M
d‘ %
L O

A Sauds veside A 3o amid by Jdlour bivonind
Adgtic btz ;b Qb s rni? i — womtv: N
- M > gty
X=n) = pl») = m,\ép 6L : ﬂ;o,,,g,---n
v=""0

o |

Z—(P/J)/ZYM)LJ;%
[+ ="
Mo = s[5 &
n BUD N A
:Ze ﬂcj\/r 9

n ' L n—-&
;2@@) 4 Y c{,

L

"Y\C ﬁ/»}—ﬂ(, Fe)ﬂ N

n— &

(37 e/ )\V
I

p=

4-_--+m“6}’e)
we) = (94pe)
N\uw\ el \fh2iomer ﬂ( &‘W‘” OL\\A%:W’KW
Mean = & () = I N\; ]
= n(q+pe ) Fe lc/,,

SE——— ]

Scanned by CamScanner



g ~
62)
- >

Mok) = n(qap
:m(\)ﬂp,p (’~’6L:’”3”)
- =

BIC) = [mM),

Y\/

= pl e e €l () e

n—2—

t=v

n— 2=

=np [ (G]/+J03/;' (n=1) (4, H*(P]

Scanned by CamScanner



(] )(."\ !’:‘r'-"'\' “ "(’,/\ '1':( (! "pH -‘/\.1

; 2 Ao /l _/{,, ( /,! 0:// i by b i
/’\ N A Jnn,. \VnbaA £ l/;(c / L, N j (]

"{ ! \ ( A t A P R R A e ] ’/} AGLS v“/‘j"‘lnlf‘ ¥ 4/;;;1)_ D sodd
RGO VARY R AR AR | 7
) .
"?{3\ (‘\ WA b v 'k!)\ e )A'J | |
0.)(*/ "‘) (}’("‘) _rl /\ , N b, \; 2, oy A2 ¥
/j VoS

b ' j { (/(/d
>\ k‘( \ ',/JJ,\_/]',‘(,\ 4]/_ f/)( ¢ (J,r: iAAfAl Iy ') J
Q/\)(lk 2\\ l) ( A A

‘ ol \ u' ) o o
/V\,/'\;\ = ")_ ¢ ) = 2 € &'/M
A ’ ) g
P
J O . _:J( \
s ood)
/\:Jf) o “",)f ¥
E o fhet) JJ
. (JAZHAf 4 QLT )
] 2]
A~
—\ Ne
=e' e
t
G

Scanned by 'CfamScanner



AT ")
Z [x*) = [Mx /*lr;o |
&
=) Nt et €
_ A
e [eh»e -/\J
= A+ N
Verdaazs = 5[>4L)"/E/X))
— /\/}')\L"’A
= ).

Gosuwaliiie MY‘W[M

AdrihoTon
U s 014‘ W

(P/)( 1) *j’/” B
»/z/v)'f

ji /9,

©x)

7{5’/‘2/3* T

e ssase

Scanned by CamScanner



A
72 )

o

.
M) = = & pet
A=

=2 pe (1)
:fet[/ﬁe@r/ief/i - ]
:{}7@%//—7/6‘7

/—je
O o
Meoun | |/aei amce o%/ Wc C’WBW

Mean = £60) = [ m10),

[ _qet)pe —pe e )

p el

/1~ ifi—) —/79——0
/I ie%)]
= - i e
//Jv)” prf
E/a(b) ;[MX”/@)% [ 7616)/76 ’dvej(/-ié’ /(—76J
—o ief .
:[/1 @)(}9 pa /-4~ ‘LJ
)T
- Py e
() (-9

Scanned by Camisicanner




= ‘_,Zj———';zf — = _/;i = ’qT//
S S
{{MW!M froffl"*u:] ﬁwﬁ a@d‘ﬁmm |
T X Q@MXVW&WC

ﬂ(/;x{‘x(bcﬁm Jler~ f/)é>m—f-n/)<>m) :d’)/y 7"1) -
O){_gt} ) gw\u, X D@a)ow’ﬁ A e éga&“/ |chz\:ou ,

11— .
plx=m) >/>/91) =Pl A= 12,3~
. > n—I @ .
J)/XP'}(); é /051/ ;/b[f/ +/7ik+l+f,7/k+_} o
= K+I )
;/)@K[(—Hl’/-/—j/v’*"’}’() k
g R LA 2,
=p (1) = % S
/\few/ f/X>M+h/X7m) ;.W
plx=>m) i
m+h "
'}(P/x>m+n) _ j“m’" _ 7/
(P(X>M) i) :J)/X>n)

-—

Scanned by CamScanner |



U‘AAV\}W\ (i(/\,/\m l)(J/ o (/'nn/(/\ YA, O J’arl&'! /nﬂﬁ—’ /,/NA (o )

6‘)6* b {] N "’\MA()AVW\ (.."(/f[.\( A L“"II\ G\ ;”

h) = \ aemed

) - o~

(’) (-’I'\(on)\ll,A fl\/!t"i

M 6, F —L;WAGW-CLQA”‘ )7 ”:Q““"

Ay
- £ e
M %) = EL@% J > j e‘t&\[‘('/\)A(f\
—_— oD )
b %
':j élk \ (/(//k
O~
‘£ N
_ e’ }
b,a\
be 6
M,Kk) = e =€

(L,a)k

k\/ku\u\ el \{ouw\ouwou MWW\ cb)?@wb‘*ﬁ:@"
1 L‘t-',
(b- ck))c B B ) (S

.| [Jc(b—a\)%—% (et ()4 -]
o

(b-o)’\f

MX{%) =

= \+Jc(b+ex)+t [ ab+a)+- - - - - |

Scanned by CamScanner




_ AbThaabbaa— 3k —dab-3a
N

= Flaabte’ _ [b-a)

I | 2

fp‘\lT gg\ M(F@mnd\t\,( A b:é:m o

o

-t(?ﬂ): g ,'317/0/ = =

= 0 aBlerwoist

il %M
Ny & ):€Hk] f e bn)daﬁ

A ot
- % '

Scanned by CamScanner



63)

2207
U U
==
M, )= & - < —
- ¢ -t C(l—%) 0 >
e R S I
. c”

rﬁﬁ(ﬁé Pty 4 mwdxi ditfoibfra
)/t X 40 Lol nond RN tédawu M&mwvé\fv(

il botian dflon @(X\Mt}wa = p(x>t) prany 2470
Pl pAf g epmanbil bl ton < |

Nos 63 (><> xﬁ}x>4) :(}><><>/%—?r’c O X >»)

Pliidte @) o
P> rt)
(A
=plxmste) e ST ekt
px>s) &<’ _,_/.

—

Scanned by CamScanner



Ne® ) - (oo e %cmmWﬁmeCm z = W—ZE\/

Cf(\o_ \\&L\/Ml d/\\}zt\«b‘t\f\\m\ PCH (N W\O-ﬂw\/kM <D o6 )
N(f‘xo’) b Cowesdrel s Admodosd sdunal dadbsbution
N(o1) cndie meam O and < D-1.

b“("’/’: A e
Nt
&(’\\: 4 N (o \) "
M_ [+ ,[e’sz :/ e %[Z)(/{Z
_ZL

:f EJCZ——)——@ lolz
e vl
- /’Q éﬂ‘z '“’12
\@ﬁ

Jc7a _LzY
= £ / e dz
Var I,

Scanned by CamScanner




Scanned by CamScanner



F 4 ‘\\
' 2.0

'/E‘Sum acd  \Jasdaves 5?)/ N/IL(,G’)

= ):Mx'[{')) .

- R B LO'L;L 3 {»r + X
2 = el e /-%F o e'p]

= OF)
:/hk -
2(e) = [t
-/ 4d i t o/ N ]
/che e (Jccr%/“)}%ﬂ

Z 2

+ toh -
[JC% /[ /%C/L/{—fﬁ)e -2
La_ul ) .g/L
+ & P ) € 'ftlcgc
- O’?//}-O—)—/LLV
o o

£ (<) —/29)

VMM —

= (L7‘—/LNL—— /LV

:Or»
e
./\ﬁ:‘* f;'—\ tM WQéVZ@MMM/
Mean = YW&‘“’\:’WT-GQ =

/

Scanned by CamScanner




Mjw -
) chz)c. Mﬂdwmwff N docbie palls 10) o

Wﬂ'AYWW%%QOJOWf\
MW@“‘ Pond dle (}M’MMAUG‘@A& ) Aﬁicw_gme(
“> i o atz 3 Ww& Lodbs

W) MWM%WW

,/’ I—\—EMY\ L0, a,)::io — -]

W) plxes > = plx=s)+p /!)+4?/>< —a) +p = s)

= 200, [o- 1)/0 ) 200 fo- ] N{e- ‘ﬁ)

+a0(, (o ) [o- %)+zo( [o-1 )/o ‘1)

- 0- g67/
—’H) J)/X: 3> = rog/o'l) (Ooa')

= 0-19¢]

17

vt@\«to
‘bwl/\o(mm %&W\f*
32) mvw W’*m‘efj ;W}MVKM;M\ V\;\M@?/‘d

a RV o~
R N/;ﬁ i pristobility diot e i oot

MW""A““M

Scanned by CamScanner



e nnd

Scanned by CamScanner



| &T _ - 000014
) 07/)(9“3);/0»3>/O,-7) _ 0.0 | L
- -l o
i ix ) = 2 1 F= Sprortil )
. ﬁO’7+/0°3>/0-7)+/o~3)/0-7
—0-97>

ii) P ven vo. 0y ghdts) = p(x =)+ X -;j) JW/)(;‘ )4:—_']
o fo-3)o- D[ 1 (0:3)3 (03 »
7{0:3)/0-7)/%—0.000 ::Oaggogy

V) MM%M -3, 37}\: :E’L;

= 1-42%6

/

Scanned by CamScanner



| @
) m D sy ddbthdd (e
| L
Cod of 4o fuat 1) pix=1) =73
”)[P(IX, .4}) :W(IX)W
N - 9 oVeA ("“’(/ol)
%‘ gﬂ/uﬂ— Y, Juwv\dxwv dj T\M
st | | = e B
= = -/
A %(3\)/ OL+OL 0204
D oplx=) >3
o
/b/?\)d’r\: 3 .
= )
I < ) o ’3‘
[Ld=3 7 A
[ ol "] ,4—)): =
= ;;Z‘/ =
3L —3 =27
Sl
}\) P(“d&\) :0’{]“7’)
Hl,_,@)(béléo
g p(ixl=r) =
2&7(—\4*40 =
\
n = |
i [
-1 \
b o =]
L[
2w =]
o
g = e
=
I—

Scanned by CamScanner



S’) %‘a{’b\lﬂ k- Baom.&r()\j t\plb WMJ/\)G\
6&5@« Jro Qo Promeiico adxprk b hass Avgehes
A dloak  nore dluse &7@»\4/5 P
owx por - %«W fb
Comffadely 38 sut aud wgmjalm% haare. Yoo
& LA
ko Jpoasengon . A povon wrte wads o &
awsave sk @l A port at o Crrdonn e DR~
R4S avd Ghsme Food d prsbabilidy ¢
Ans iy 3) akwmdsc )o ks ’f\) atloosd |5 ineides.
Q‘é/\‘ M 9( )62» Q‘I/\-ﬂ—— MAAW\ IRV SVEA /o/éb)
Gm@“’(}"’% A B{n}; ) pexzéo

86 . 1, : o
~ N g,&r/ . g '4—§
J)@(X(M.V\)ﬁ/\/{z ﬁvw&lomm_) 05 Q| i

= G)()ﬂw rived beduec 4losad 4415 & 4 .35 ao

5-45)

gd)(&oéXL%o),Jra)( 5O V.ol 460)

30 40
;f¢ﬁa+/-¢d% S loaie )

60 Lo 5 | de oy
a0 5

1) e wosihs ablasst 15~ min)
j.00 &1

—~ ey Jedwern @ 45ad 1-00
/03//&“' 4.5 ad 9-30)

9f/o s x2[5) dp( 304X 2 45)

/il._ ”ri 5 +/¢ )

= 4/’1 ‘}'/ Lo Qiend -

ée L 4 fo 60 2 .
20 .

[V
/‘—P'

—

Scanned by CamScanner



_— _*-

&)

é) T’lu, e /m Amcus) )ﬂ—‘i/bdb’*’-?{ % “(de\f?ro\ oo
An @Ldm\a/w&\‘cuu.j dieo baded i Jpwﬂ,u,éu\

h= L

2 -
ostezeds QK7

W) Wl s o cmeliimal prdbliby gk o pein
dokor atfloak | h 24\)-&/\_ ok ok oiveddvon preseds
Th?

e ) = A oo
= 1 ‘ﬂ/“*/ p B>
el
’) (P(X7Q\> ~ = C(/,\ B Ob’_L __"7\/ 6{
/tfm\) = jie e L
2 A
= ..
= e :)
DRV A

Scanned by CamScanner



/A5 )

IS . : U ol AU TR o
'7) 'rb A (_’(,-\,\jt',\"m,(,(ym,& RN, b4 {{4”,:1»4.1 Y {)/

' A PAMATTAS /F)V \/
o e J:MADJ\M‘(?,() /u/ ,’)) d(ﬁ/-J. o LanAin g

Mﬂmu*ﬁ L’O(?}«,‘nno,md\"m( /.‘?'/;) /'\( "‘ ’;""j;“”"‘
':\\\d\ >\ Lanchn Jlrak (r ( X £ \> = (Tj / i
Ao Uos il b

q 4 X })/U/r (}

/‘ 4",7\ ll\L‘

e d;u O A

2)
PRI /D/ ,2)
b{"): ’:,1 o2
\/ 8#(/&»&% JZ/;L{,J,,,uu_A,qf\‘n 1 ddes Lw\j,;’,,h
— X .

k/uﬂ = i v/ Y7

(oretnn G)/X&O ;63(\(4\)
‘ |
fk{m)d"\ :/ 6(9)497

)

|
f’i‘d’ﬂ-:/ /)e’}\j@(j
0 | 0 -—)‘j )
RS

A
g 2 )\_}]

2 = €

Scanned by CamScanner



ﬁ—i’ s o — e
a4 )

?) A dedbica fim WKM Dt balbs dlok
howe a ﬂﬁb& Lﬁb«ﬁﬂ— bosw aud, gluk is W“‘*Ujmw
,uu{qﬁ,\ ,W,@T/Miq‘z goolu% M &Q-D.éb-z\—om.
Crak 1) gt ffwgtj diat o bulb buss mae duam
T34 hvw W) dla aaxmc&«] Aot bl boows baduoeen
TE avd &34 Jow -

%é>' @\Xu% YY\SLM;:.r/\:%(XD/ g.‘p.o’_—_A—o

1) § (x> &34) =
W%/ z = 2 =

c 4/0

;)z,,_g’é"o

~

Mz gzn, 2= $345-%2° _ .39
4£C

270'3/?)

2plrzgsa) = l
;O,]Q(-Y—?

{P(ﬂ’(&&xé %%%7 o= f(_o,gg‘&_ iz 40»%g>
~4_0»K§)

(..O,v;z 240>+@(D‘4‘/

=P | )
r;(P(o.// 22 0-55)4ploczz0-8
=~ O,QOW’)’O’gogg

- p-5N)

il

—

>

Scanned by CamScanner




— A
o H-05
M oa=6, z= b = =gy P
H-0%

69(04247/03 6> 41
7z, = 108 [ From de it |

= p=b ). %8
/:_ -
0-0%

/LL:é—%O’O?(”‘%g/
M = - O RS
0

- Gudeuts
R) T ow chw g 5o, du ovesge kg
I D g QD 5 24 [P g O
S oddsnds vt gk T) Ghove S0 i b S5 e

Scanned by CamScanner




¢A /L(:A(@/ ¢.D =%
7) Aﬂ(%?“’)/i}
= 7(,/& _ 7("4’8
T 24

- No-ar i o JOE abwve 50 & ofﬁzz*@

7\~> f{’;g@% £ @7:?

R e R i

g 24

- _0-5%
Mxﬂu\m:gg\/z”
7(:5\0} Z:OJO(X

__ 0-08)

Z—

M%CAXA’;D) =p (054 ” 5 )
ﬁf(,o,¢4424°)+d?<04240'0b
—plo <z 0"'74)4‘0’/04240'0&)
:,009'205’4'*?’ 0-03’?
r».NO(%MW%W gs'owa(?gm
0. 23713450 =13

I

-~

Scanned by CamScanner



Wedk - TN

Rauvom Proc23SES

A f‘é\w\OL(YW* e ol Aj;m{v\iw (6-\ bﬁa) dlat

(&"(W

M&%am o~ WL wo. 1 M«j sk onne f(y e
2 MM%,M&Wmek

wd LT [ peromin sk b Sodon k)
AWj ndivweina wasmben @@%;mﬁﬂumm{}& 5&
T{;“WM% 3 direrds , o xondon—

proces MM}ZL&QAMb«sz[n)Bﬁ%X,\}.
%Gﬂu—(}wﬁ\wwb\ t & %botfw%mu&/du)\wrmdm\zs
oot w&ikM&Abﬂ%xm}&\§x%}.
mfwwm»&m—w sk Ay

‘)%MAM%MW@,@M{WW%

e Tsx%hj 2 tsns 5O fimed

Scanned by CamScanner



),ml
{ "W

) mos b fandiviois aud 4 5 disends, dha oadona
W i eallod a Lot oundon RGparer
£ WW%@@M ak difgeront oG

i) T g&MM-E&)MMW‘A/d{“LVW
i o alld a dtsots TWV‘W‘

%_,NO.WMWMWM in « Aelsfhans
M\J\/‘AjL an o, 4) -
W) o N AM—EMMW“/W{WW
O eallad prdinuons X‘M{MW'
24 TWW}@M/D/H-
Boinsan praceis
Ty condine rsbebilty dfbibaton o sy
do mbe dspend on T, Ftew Tl Yordon phreactds
%x/%)} & ealled »@‘ué?ﬂwj.
A tardon~ Fk 3 nbe B Ar—
A \mm—&mwjm

{f{wmw salun A3 ‘M%iﬂ”}'
1) Moo 6 o praess Cx 1)) > die oafpecked ol
B & A‘Z{dﬁmi W%x(&—)}%@mdgﬁﬁm'
) /LH:);E{X(—H}.

Scanned by CamScanner



= 3
o4

i) Mo velafion ) i fpreecss Ixfe)] dondded 2y
Roolode) & Bfent) S R[4, b)) 5 T ofeded
Vbt % G procinct gy any dup b X (E))

ok X (k) g i proctd R (e, b= B[ xl6)x )]

b@#w\ﬂ\’om _ ‘
D V A Yaudow (}»Notw% o callod o ﬂé%fdvﬁ('j &%'C\cfvw*j
(}mw\ A AAavk genat /&m’ﬁmwv:} O}Nﬁw ( s’i;
Wﬁé) i JU s Jg\)w\c}t oivsisioval iyt bediows
oo iniraniomk  awmdin  Ranalio Iy é‘lvww
) E}LX/{—)} = = A Lanifent
wrd Rk k) o~ b& 5(7/71‘,“@) ~

Q) oo seal velued aveoo prooetss %x/ﬁl and ?Y&)}
ae goxd A& be j“‘\’“Mj /&mﬁmﬂ n o Horick
Rt 2y s, Jovet Aol bodfon g X 1) and Y (¥)
soae Digmsaank sndine Bnalalfo 65 bt

2 A yaudo W %xur)} o called wveakdy

mm fross & vt - sense edionesef (}ﬂ:ﬁdﬂ
(wss pross) i Ay rees 5o T o
adpcotrelation a(admuﬂ/x .«N(j on dhe e &bzﬁeﬁu
&) Two womdam Phacts %xl%)} ad Gy} ane sanl £ b
rithy Kaliovany Gn gl wids some , Af Qm{r—Jc )
rocuss Tn Aundiviobnally o W8S proctas avd Ry b
oo g b ety

Scanned by CamScanner



(P ‘S—S})’CQW\-’S .
Eocanine Astadon Jle Povrion prottsd %X (o) } e

bj o ()T‘\fcv/b&lmltx}}—j Lass (j’%xl&):f} :€_))C(A%)Y

¥

~7

D (svenianes me\j |
B R preoebilily clotbubulion dy X 10) 2 o i
AT bedcan. wadl— J;R_WV\—K}:’L A
SR =M 2 o Lo ok
C Potei prociss i wht Lot Aroney

—_—

) lorden fhe yrodan protest X(b) = Gk (), Wb
§ oo RY woifle dowidy fo prg)=k, T ebed
Chads.  wstedlon Q‘Cu:_(}}wcw & Aévjfwj&\w&'

B fiven ) = tolert)  p )= L, T2b

/

s
E]x )] —,f X i) p4) 44
_”n-/v/
'\T/
= | esterd)- LA
T W
=) | Gn(t+%)
T s
5 ~TL++)]
=l L) — “( -
L [g« (T +)

mmse—

~ Scanned by CamScanner



’ ﬁm‘x\‘
(/L': ;"’

EI%/JC)] = J— (oot 1Y)
= %@E. = 0\5& 52;'[7
LX) D whea MM s

) T frocess 0] ,e Jredoals iy clitteilpion aden
"CO)\{;'WW\ CondifSans Lo ?ﬂ*mbj

(P%x(t)/n] = /“JCW , h=1,2,- -~
(I+at)
= ak y n=0 -
H-ac

Brans dlak e i wér X&WTG‘/V":} (é\ m{uto’w&“t])7
B e probebilty dih g Xk
XlE)=n - b ) 2 > T T T

Pn : at ) ok (i) - -
Wt (ke fat)® (k)

£lxi) = 5 npn

_ | e +~3—(—0—*£—+""
= ot iy ()
_ v [ 2at er(ﬂf;*"”]
T k)" Fet fat)
I -

[ 1ak)™ e

| ok — ot
) +at

= o |

Scanned by CamScanner




- (1)
(Vo) >
elxiw]) ="
Elx ] = = nn .
:O+_L_ ok i Q/Wf)lr +/6/'9i‘)§
(A0 () (13eK) ( Het)

- / 3 ak = e
\_’___—:_} +ﬁﬂ_ /O/@{T) L
[ (He)™ " 1 1an)? [ 1art) 4 (HaE)S ’ ]

*[ oy 3()” +ﬂff)_4- ~-]

/l+9v“£’) / H,ﬁf)‘i’ /H_M,)
= _ at é/a%) /o/a{j‘ e
o O e R ] 7 +
{ Het) Hat Chet)™ 4 (k) ]
+ A at [).), 2al- 4_{/“‘{’))_ 7L-_--]
[ Hat) That)? H—ﬂff (1H65)™ g
ﬁ// - /4—&%] ’/7//_,_60(,)3 H—a{’
- g (1)’
T et Lt /H—w’r);
= /4—0~J‘Cf-}"‘/6
= Jtaat
N %X/*r)} _ g[,( /f(] [F x/%)}]
= | ot —
=~ ot F[X H)—J M\/N\%xl{r)l

T xIe) & a e SFemory (}’Tm
w\;m Vor § il’c)} Mwa\ﬂ ﬂy’v @w%\v@v\(}vﬂm o

W e Tiamredy] - -

Scanned by CamScanner



/7
(1)

—— * S

4’) (WIN) Gﬁmi i Candn~ aﬁaﬁ%\/\ X&) = A [@(wot')'&‘)
LW erca.@fs A\tr A acel Wo ar toideads  avd g =2
"(L'\-'\’:(}i(“"\('j @Q}’éﬁ,\-latd‘w{ ﬁ\/ In ( 0y &:W) d

%é" Cinee O Ao «wa\‘(}é‘ww(/j b besdeel A (0, a7)

\ -~ _J——s / O =« 0§ & ait

iy

%
an
E["/JC)] = / 'x/-t)5{9>w

MUR
\
:j Af[&[uﬂof%_Q)‘EdG
6

—

\

3
= A [ Con (Wo ’H})J

At
= & T Gt _gmwet
aAn
=k =i W@m‘k
Rl &) = 8] /e()kx/h):]
= E[A &(S[wo%,+@)*A5®(”UDJV»+6L)]

- F [Al‘:;j % (5 (ND{7 “\*9']'“)0{7»"'9) |
’f‘%(woﬁ 40 - LUU%L‘Q)}]

ﬁ;E [ [ 3 [+, We +&@}+ &ﬁ% (£, ’J‘»)%}]

\)

—

20

= %7:/ [ eyt e Has ]+ G %“"f’)“"g'ff‘d@
= ﬁt[ gin ke Jon 2 40 (ad L&, »t)‘”ck]
7

/3 o
— ﬁi [Q%ﬂ'\ &7,+va)wo++wl +&WQ§% (%lf’c’)w"})
T 2
 ( Brliwmred o ) ]

Scanned by CamScanner




S TTTTTTTRRERRR——

)
R, 6] = A [ #“{%M IWe a7 s [-F ), —$n hhzé)ﬂ
4T 5 -

— —A:: &wa(%,"%v>
A

:; - F_ S (Jc\"tv)
] o WS e
5 i & A %{Lo):g[etwy]:glzﬁwyﬁ%nw]
drd  andaen et a%ww( bj X /4) = [5>(,\Jc+)4)
Kby Gl ix({,)} i )ZQ_&{;M,_%] Do P aande gl g
G¢0) =4 (a) =0 -
4 s[xw) = e o)
35[&«%%&5\/‘—%\‘“’\%%”]

_ = g E ($0Y)
= ()N B (loY) —¢ NG

oo es) = £ (foywy 4T Gawy)
Whon &) Z0, we gt 0 = £ (ay+EnY)
) gley) =0, B(sny) =0
Nad' 2 (D becans

E[x(%)] = (shto — GnAt D
—0 = & RS

AQH‘HJUV) = E[X/f,) ’X/J‘-V)]
£ [ s (i) & (A7)
= & [ sy~ Sy o) s A Y =6 /\Jc,%‘m\/)j

S O .. i :

Scanned by CamsScanner



@)

R M’) ) l—‘v) = E[&S\)\ l:,&'b)\'lr,, fé&ly — %‘V\MT,/éS )Hc,,%{vx\/ 4>y
— L) b, S N, Yl A Gin b S db, Bin \/]

= Codb ade, B (7)) = S ghb, ¥d b G

1 Gin M in Mo, E (80 Y)

= Lo o)k, E(’Mﬁa\/) _ Soa h (k) E(ﬁﬁ')
VG AL, B Mo e/ WLY)

N

Now C}’/‘D) ';E./[{@L\sy H%\\HN\/)
Nbon (2] zo , swe gk 0 = {;(&g;\/—]—(%\“ni‘/)
=) E (isay) =0, E /Snay)=o

oS M SN B(E)
@;> R/{_I /’Ey} = ﬂs&}ﬂ:’&ﬁ%{:‘,’ E/{S\L) = g “

= L taan o)t t TR IR

~ um(e,f%

'\A.é&db/f’%)
J. 37(/4,-)} i &WQSW

6) LT M pescus X ) = ALNEFBSWAL B WSS

(tbf F(A)"‘P{B):O [2[,4”) ;//@L)M }://‘}B) P (OY)
W&Es W M\f‘\ow@ﬂw\ Qo yrtianct and

edgendink RY 4 wnegrreladed .

Scanned by CamScanner



.

%, E[’(/‘L)] = E[/Ha)% ﬁﬁ%in)%]
=)\ EIA)+ Sadt £/8)

= G- 04 Gt 0

- 0O
= A (‘m»ﬁa,w{’

Rl +.) = E[x /t): ></+VJ
By [(,% PRV NPES ) As N AB5w ) ]
:E[A% Mo o M AB LN SN
48 G M (Vo A8 B M gme,,]
= IO o), E(AY) 4 St +t.) EIAB)
L Gu)b N E(67)
Covon E(#) =E(87) = Klsws) ad E(48) =0 -

RIE ) = & Gk 2ahb, +0 + K S Sin b

= 1 Ll e
= #,_ %/f,”bp)

o S[.X/H] o oe WSS /sz% :

—

~ )

Scanned by CamScanner



7l

1) Toow awedmen [rece X 1E) and Y lE) ant 4&6@4 b
X M) = Al wot B Rawet avd Vip) = Blowot —AFawst
Unss dlat X ) avd Y () ase joﬁlob(ﬂ WS, A Aad B
e wmesiaslGd gyl e Fene wasas ool P &S

VR ans  and Wy O e coosdauk

= E[X/Jc)] = E[/Méswof *55;”‘?““9]

S E(A)fpw, v +E(8)Snw T

=0 [~ Eh) = £/8) ;Dj
= & (oot

Relbt) = g /)X )]

- E [ (s wot, +B 5 Wy ) (Al t, B “’of»y

= E[A s wat,[éwci—Z,-PﬁB(’Amvi‘, Cn wy by
«(7, gfﬂ LUOLLL]

= E(A’/) ['oEWo{"; AW, 4, +EADB) Lo wo/{_’,H_’/)
’/'E/E’/)@Wl wo.{;,g\‘n LUC'J:L_
— k[[éwc%,&swa-gk,;-gﬁ;\ L%ﬁg‘\”"%h]-l—O

Sk Law, -t
e ;X/H} L e WS et .
E[yw) = EJ 8BSt~ p gt [
ZE(B)lsw.t ~ Bl4) Gawet

L ~
AR Gn wot (B Wt + B G W

- O
— o Lot

Scanned by CamScanner



&

Ryy (bi4) = E[Yth)yle)]
- E[{Bég% £, —4 in Wyt ) (B8 wot, —AS “’of»y

:r;[gzwobl Loy by —AB oyt S o by
—AB Gt Loyt A A SN0, 66 w,ﬂcJ
= K[ Gio,by oo+ G 150 wohj ~0
= Rl w, ()
SV NSSW .
ot Rl ) =[x /)R )
= E[{,%g Wyt +B5h wo%,)/ﬁfaswbt;/%‘n LUoi-n-ﬂ

= £(A8) Lty Lo woty— B Masus,ty S ot
’f_ E/BL) 9” VU(J-{’_,ZAS(’UD%L"FE/AB)%\NH 'rUa'L', g\.\’l "Uo‘&b-
= R [ Gh HJO’(?, (R, t, — L Wo Shw, "I71/]

= R S w, Z’{‘y "17?/)

= &Dlg %%,—’c\,
o sttt ] e »}yﬁ—)] ane Jobly WS okt
— .

~

Scanned by CamScanner



Mas o dq ¥ oTLAES

jb dles 4}]4.» T pehavionn Oy = precess :&J;a«d/s ozij s
dlne st Mels, bat ME on diwe peid, dle fproess 4
o Mandior process - 4 Argerate Ww&o\ Mestiar Proeess

25 COLLUL@( . )L\[L_\,(/\m* (/an\,fv\ .

I

I& é—ﬁ Al n
(p[x.\: q,\/xn_| =l Xn—x:ﬁ""’/-—uxo:ao]
:{P[Xn:/{n/xn—; :ﬂnﬂj

dz\b\,\ d(,\,\— d"—m& ; X'_‘} /Y\:’O/ \/b}' - - J:\ C/a/(.Q.Q_.?( A—

/UU}\,{&O’U‘ CL\Q\,LL/\_ 3 / dm%
(@\,C\L\\- a) e called dle P e TP ak e Markov Chat~ -

fu« A e L (}%”/bﬁlﬁ)(’;&j J)[}('\:A} /)(h_\ :-6((] o eallod e
@\—tf’f@o\ Toouta Hon &of{bala{t«‘dj Jran- At Gy B T 4]
ake QT(\.&_ ‘,\OL‘ /\L\.ﬁ/d, (d%(nk) avel _ts dongled b‘j d')t\]cvvl,n)dfwﬁ a—
«m«o«f@v{n [.6)‘:],] .

Juﬂm Ko d 0N -

Moo frealion § Ses gy & Monbtor thadn
;Lb, zwcwj | Gt can be swaclid h“—mM 2ve &ﬂu}.
Kinte | fram G Mator dhotn & taid £ b2 xeveduehle -
Odlwswise , die gt thoan b 804 & ke Yeduellile &
o Atvedocible
T (}KP\KM di a\i»b:nﬂ—t" as Phe GED D’kmﬁﬁ "
A W O B solies )gérmtedo\ﬂmm m>) .

Scanned by CamScanner



I

By
5 ¥k
L OB !
\’ S

et 1 o zend 4 ke azfaav?aﬁ(«‘c o di =)
Kotz 1 o 2odd & be povedic Jﬁﬂqcm.
A i U 0 savd b be povddent & Yeousont
b Qe soloun £ et oo ozt -
T et U D zaid & be drawsient Af fou vedvo
B oadeti U 4 wneandoin |
Ly due Aot TS é«mz&t,@irwme;aw/\%k

A nen nadl prident avd opesiodic Mste & calls o

U«ﬁU@L\ C -

ZL(T& Mosbiaru i ﬁmc}t cedneie  all U5

Scanned by CamScanner



o

(1%,

A -
\) ‘G\k ..Qj‘-\&k“o&&'fd\'\ (}9’\,&3«%{ (,\’clt) Mﬁ&,\ ék ~ MWL‘;(,G\F c(/ G
%X“E/n;"li%""' “"‘“‘3”“(] 2 Aades 1,2 avd 3

07: o o-5 04
-6 6 -2 0-2
6-3 o-4 03
- . [o)
Cl.x.»e( dlu_ A:Lu\(}ﬂ\t\i (»Q/:f((\k;butﬁv\ A X’ :/0-7 0-2 0-\)

Ped 9 pl 23] W pltza = 2,025 %=
B 7) P

= [o7 o2 ©-1)

i . 0.
) 30””(]7 :[0,7 osd  beiy /0 © Bk i
0,6 0> O-Q

0-2 0-4 0-3

= (0-22  o0-43 0-35)

) i = >
J/}:UDMW = /0*-‘2«1 0-43 0-35) fo:] o5 © g
0-6 fad 02

0.3 o0-4 03

= [o-3¢5  0-33 0-a7)

(}W
1)7[)( =4 Ny =3 % 23,X :i] Plhas)=pla]s)-¢/8)
3~y ] M k'

:J’[nga/yl;j, X,23,)(02 ] J’[XL:E,X,:SH(D:&]

‘;F[Xg';&/ﬁ(z;%?. f&(,: /ﬁ:;,xo;a].(p[x,;g, x,,:a]
> P T3] o= =a] ol

=y | f |
= P33 Pas 'J)/xo:‘q)
SHo3) o) fo2) = 0-004E

=
Scanned by CamScanner




] .‘L\ /

iy
'\\ o#

Q) A van o ab A Mﬁﬁuﬂ ok an e o—das A
I Qe poivk 3. Mo dulus o~ andk o & Gl
gt wid, il o de e e bl 2
wwdess e Ay ak m@vg@,@m A dobes « gbp 4 B
S Ao sacln @l poink | éxj,,akmdj,ﬂws,mmh—
dokes 4G kmw%ﬁwmd@ﬁ;@z.w&%@@»

W&jm ?)Lq_inakgbwdm\wﬁlagﬁhgmuu?
W) N I/»chz,«.dm;ufljmdm.laj S
&,

=l Yl gy A i ag = t t
[ M&mok@&( i :ﬂt} =i
_ %Y | O o
b = 3 O T
3 3
o oo 2
3 o o | o
Lurdal S
(c)
’) o)(@mhk', @{fﬁs\ 3V\rﬁﬂ%) :(}9[>(3:') =)

Scanned by CamScanner



(z):(?(\)(?:(J_ s 1 rAY/oe 1 o ©
6 - > 1> 2, o v, &
0o 4 O e
o) o \ &
:( s 1 4 ,L)
e s a4
o o

L@k l— = [l\o LY "
Drsbebildy - Unng Qo preperly o
"IT(]D =M
™ /0 o °©
[m e 2) s & , O\ - ("o T, ))3)
o O V3
b6 O | 0

Scanned by CamScanner



jwé’t MIALAJA]J,TMM

7&5%&&0( e\_bakhatie Aok

New WW &du#‘w@jfﬁmw&,

- fPed T) @WMW he el

N = n,o= 3,
— o
®;> -og‘ﬁ,,: W’-To
3
:iTO’ij
&
=L T,
2
> 9 o~
W, z =2 By
e
7?‘:",-7[\ :,L,ifl_]\o:f'i”o
3 o Wy s
=) T, +.3 SIS =%
& = A ST AT e
/4 o~
I T =
4 0 .
0=
° 7
T =~ 34 = 3
”I':{”o’—7
— )
”>’;r“”v’7“ ;'3 )4
+ . 3 3 1
B = Kl 7 e 4
‘}A){(Pﬁﬁ*/md?\u/o"jw)’j

doge Jo Wk Jkaw(

w%;é

o Frare o 3 A%y

Mﬁ)mw.wnwmmm«mmww. |

—

Scanned by CamScanner




0 .
=P p = (sb lé)(\/ ”/7/> - T’i %)
>, ! 13
Pt = >{|/7/ '/) aﬁr ;27;)
ANV M a)j /t%mw o M) ”

T(P/“
(v, m)/0 ‘):/‘T T,)
V. A
:") é:T),:’\T| — U
AL, = T, '—/*@
l& L
Mo ® +T, =\ R
@—': Tl‘},;a’rw‘
= ok
€& = 7 taw, = = 7= 3
= = A
SWLE S
- .:z)
- | o
- \\,(,3 :

Scanned by CamScanner :



20)

%) A hewsguorfe oy 3 iy G coneals A8 ad ¢ He
lw)}%dlwmuww&mmwmu-j@&w—
3%3& corneal A, dio reaks wseed (o baZA coredd B . Psweuen
Mo b B O dle werk wseok g 0 B b
blaly b boy A @ G dfton consal - T G dong 2oy
Wéb/tw &L\»_Wmt\%i@}@%w?

. | A -

— T(P P B A O | o)
I O
. c 3/11— O

Tp =1
0
(7, T m)(% ! .ér) faoT ™)
S Vo 0
=) %bek%wg:w, @
T\(i-f);(’f\\g: m, f@
JZ\—T‘J/ =My

&
Koo T 47, AT =l — @

@@= 7 =% -Lw, =7 f‘»(—\"ﬂ):liﬁ
| L5 2 o

- 2 - A 6
= = A _ 14
&= Tt teh =2l = T, = o
T =4 - T =15
3 3 /! 35
) W:(f b i) N [O‘,j e prsbabilidy
38 3% 2y s

Scanned by CamScanner




s NO °
Q”é\/ d’J: A ) [ o )
ey, o U
ol (0 [ O
Ma%l/mv' 61/\0‘-3/\5“""
g P

Toe horen dn  Srgeducible -
oy 3 alin- & MM"“’&M[’Q
LML i et e haw wll e
Periad 4 A = &CD%\A,‘W‘/* == ] ==
U Qe A de w@cz\faotkc
(}kﬂm‘wkéb@x: &CDiQ,A\’,A,‘_"g:Q
gk B b W exgeic
@Wovigbc: &¢9%4/4,e,~~~} =4
s ¢ 2wt exgodic

/

Scanned by CamScanner



7

i
2 ) F»;‘)
73 y
LG

) Tonee bmps A, Bod & ane doawrig o bull g5 erchs
slhan- A aluseys Qoo G ball & B and B~y dnavs
ﬂ&bﬂiﬁc,bu{—cinfw&@lﬂdjizﬂlwww
Lo b A Haovr duk @‘u)a%cwuwm%am-
Cid do Tramfio waliit and clotiify o tor

A I8 <
%ﬁ' Wm Ak G) = A 0 ( 0
8 O D (

/A 4

Bt g, dpend ouly o fetis Xy s Bk
WEE ane Aok, ok Knes, Koy jm = - - 6 canlien adetan-

. }xnj % e el Bl -
Moo chagcam

A ®
AN/

T hatn 3o dcveducdle avd 3 5 fiwde
OB L ety ow wen—nall perusdent
Povied § A = @\CD§%/9/6»7/ -**} = |
U et A S @v(;;encckrc
@wa{%&:@wébza,%,&,~~-}:’
Wt B 5 A—&)e}v‘\a}&c_
@@uoe\%c:(}mﬁ){a,émgf—-l’:'

ete C i aggwaﬁlxc,-
UKL b Adets e Xl

-

Scanned by CamScanner



i

r‘_ ~.‘ \
f )
{ d-5
\-,.,... >

1) A oy row in Lzace ankl 2 haadd orpun A & how

= . -
Lt X, be dhse &ovmw 6% haody W\? ak g M el
Wet v dlw (}‘V( M\L\‘&j @'(Aak M SN a/té,o_w?{e & w""

0 Co’\:v\7,
% o R 1/ o ©
a . \ s 5
P Tewm 0 p o= v . v
\/7/ O O \/1/-
0 o o /

VCTN Y ¢ s alloa
(] bﬁ(ﬁ\(&\] MJ{ dhﬁfu. G\%M ;:j m}v:({) [X.,:D A 61&)

T Aedigral Wg.aefv&- » (P!D) - (O\ o : 0)

() A
(P :()5‘”@:(] o OO) V,

\ o)
a : )) \7/ 6 Y0 ~f1 1 L
A ¥ ’(’I’ ~ & °
\ \ ‘
/,, O © P2
o 0 O l
(3) (>) Y \/-,/ c 2
y = (L 1 A ")
3) (P:P’(& vx \/7/- : \/% © :(%L ’E\_’ J@ %\_/)
V, o © 7
o 0 o [
D N
P = N S T I R | I
F ¥ V'(a\ 4 R i) i

Scanned by CamScanner



(s w) ,
PFo=pp=/2 L o 3k ’/p
I3 It
. 4’ % / \/7/ o —1 ‘__L ’,—>
1/7/ 0 32 8§ 4
O 0

() o) B
3> 3 8 Ay, 0 R 1 5
> , ”g} 64 It
\/%» O /
0 o)
7)
«H :@[sz :(_3_ 3 _7_ i) 1/)/ i/% O 0 | |
’ € ¢4 b4 b, \/?/ o |/), O /_L SES 47)
oo oo 4| BU T By g
e O & /
Pxy=e o1 6a) = 1L 43 4 13
| 32 6 ayg
— Aif+Q4+l)
1>-8
- 2
[ ¢

e

Scanned by CamScanner



